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Abstract

‘Attitude Determination and Control System’ of a satellite, can be regarded as one of the
major subsystems of satellite design, as satellite needs to be oriented properly depending
on various purposes like: solar panel operation or pointing antenna towards Earth and many
other applications. Attitude of an object means orientation of body frame of reference with
respect to external reference frame. Among the various methods of attitude representation,
in this work quaternion based representation method is chosen due to its simplicity. The
dynamics and kinematics of satellite is formulated as a non linear model and reaction wheel
assembly is chosen as actuator which provides the necessary torque to control the satellite
attitude. The main objective of this work is to control and stabilize the satellite at desired
attitude and angular velocity by attitude correction maneuver as per the requirement. To
achieve the objective, various linear and non linear form of integer and fractional order
control laws are proposed in this work. In case of linear control laws, PD controller and
PD? controller are tuned for the linearized satellite model to meet the desired specifica-
tions. On the other hand, non linear control laws are proposed to achieve better disturbance
rejection and robustness towards system parameter uncertainty. The proposed non linear
control laws in this work are: PD Sliding Mode Control, PD Sliding Mode Control with
Modified Reaching Law, PD? Sliding Mode Control and PD” Sliding Mode Control with
Modified Reaching Law. All the controller parameters are tuned using optimization tech-
nique and numerical simulations are carried out for the defined satellite model with these
controllers. Further, disturbance rejection and robustness towards parameter uncertainty

analysis are carried out for the satellite attitude control system with all controllers.
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Chapter 1

Introduction

1.1 Scope of Project

Attitude of a satellite is the orientation of satellite with respect to external frame of ref-
erence. Attitude of satellite must be stabilized and controlled for several purposes. For
example, solar panels needs to be pointing towards Sun, or antenna of communication
satellite should point towards ground station. For all these purpose, each satellite has ‘At-
titude determination & control’ (ADCS) subsystem, which has two jobs to perform:(i) To
determine attitude of a satellite moving in a orbit, (ii) Control the orientation of satellite

according to the mission requirement.

Now a satellite in orbit, is subjected to various disturbance torques. For low Earth orbit
(LEO), aerodynamic torque, torque due to gravity (gravity gradient torque) and torque
due to Earth’s magnetic field are dominant. For higher orbits (for example, geostationary
orbit) torque due to solar radiation pressure is to be considered. Although forces associated
with these disturbance torques are not significant to perturb the orbit, but these torques are
sufficient to change the attitude of satellite. Therefore, attitude needs to be corrected. Here
comes the role of ADCS. In fact, ADCS turns out to be one of the important subsystems of
satellite. Figure 1.1. shows ADCS block diagram.

1



CHAPTER 1. INTRODUCTION

Disturbance

4+
Reference
LUZRN " + "
> > Control Algorithm > Actuator Satellite >
+
Attitude
Determination < Sensor <
Algorithm

Figure 1.1: Block diagram of Attitude Determination & Control System

ADCS operates by determining the current orientation of satellite w.r.t external refer-
ence. External references includes the Sun, stars, Earth’s horizon and local magnetic field.
Sun sensor, star sensor, gyroscope, magnetometer, horizon sensor are the commonly used
sensors for attitude determination process. Information from sensors are feed to attitude
determination algorithm, which calculates the current attitude of satellite.

Now comes the attitude control part, which can be of two types: (i) Passive Attitude Control
(i1) Active Attitude Control. Passive attitude control uses the disturbance torques aforesaid
for attitude correction, which may not be exact or sufficient always. Therefore active atti-
tude control is preferred. In active attitude control, attitude information from sensors are
compared to the reference values, and accordingly control torque signal is generated, which
is fed to the actuator. Commonly used actuators in satellite are Magneto torquer, Momen-
tum exchange device (Reaction wheel (RW), Momentum wheel), Control moment gyro
(CMG) and Reaction jet thrusters. Magneto torquers are normally used in nano satellites
due to its low weight, less power consumption and low cost. But it works on the princi-
ple of interaction with Earth’s magnetic field. Therefore it is more effective in LEO, also
it cannot provide large torque. Therefore cases which demands large torque, for satellite
in higher orbit, other actuators need to be used. Reaction wheel & momentum wheel are
widely used for that purpose. Another option used normally, is CMG. One advantage with
CMG is that they have actuation property almost 100 times more than RW s, but they don’t
ensure precision pointing or can even under go ‘Gimbal lock’.

Based on the above discussion, a satellite model has been considered with RW assembly as
actuator in this project. Different control algorithms (both linear and non linear) have been
proposed in this work to determine which control algorithm gives the best performance in

terms of performance indices defined, and this is the scope of this work.

1IST 2 Avionics Dept.



CHAPTER 1. INTRODUCTION

1.2 Literature Review and Motivations

Modelling of spacecraft based on various methods of attitude representation and the mod-
ern spacecraft control techniques are presented in [4] and [7]. Various reference frames are
discussed in [2]. The satellite attitude is defined using quaternion, Euler angle and direction
cosine matrix methods. In the quaternion concepts, quaternion algebra, geometry and rota-
tion using quaternions have been well established [8], [5]. The applications and working of
different actuators like reaction wheel, reaction thrusters, momentum wheel and magneto
torquer in satellite attitude control is given in [9], [1] and [10]. The dynamics of reaction
wheel is described in [11], [12] and the concepts of momentum based actuators for satellite

attitude control is discussed in [13].

Modelling and controller design for a spacecraft with different actuator dynamics have
been presented in [14]. The synthesis aspects of the simulation model developed for the
attitude control system of a small satellite that uses micro jet engine as actuator is pre-
sented in [15]. The guidance and control approach for a spacecraft having 3D orbit transfer
mission is proposed in [16]. In this method the genetic algorithm is employed to find op-
timal variation of guidance command and gas thrusters are used as an actuator to apply
the required torque. This method can be used to design optimal estimators with prescribed
eigenvalues. A feedback control law for linear systems based on a minimum energy reg-
ulator problem with fixed terminal state constraints has been presented in [17] and [18].
A numerical convex optimization technique for the analysis and design of linear control
systems has been described in [19]. In [20], different control laws for the three axis stabi-

lization of a magnetically actuated satellite system have been presented.

Sliding mode control theory and design approach principle are explained in [21] and
[22]. In [23], a sliding mode controller is proposed using modified Rodriguez parameters.
A robust Sliding Mode Controller (SMC) for spacecraft attitude control problem is pro-
posed in [24] and the spacecraft attitude is represented using Gibbs vector of Rodriguez
parameter. The stability of the designed controller is analysed with direct method of Lya-
punov stability. Two optimal sliding mode controllers are proposed in [25] using integral
sliding mode concepts. For the optimal control part, the state dependent Riccati equation is
used and Lyapunov function approach is used to solve the infinite-time nonlinear optimal
problem. In [26] and [27], the design of conventional and different advanced sliding mode

controller for different mechanical systems, their analysis and MATLAB simulations have

1IST 3 Avionics Dept.



CHAPTER 1. INTRODUCTION

been described. A sliding mode control for the attitude control of a communication satel-
lite has been proposed in [28], using Euler angle representation. The large angle maneuver
problem of a spacecraft is treated in [10] using the concept of variable structure control the-
ory. In [29] the attitude control of a geosynchronous communication satellite with thrust
jets by using SMC technique is presented. The attitude tracking control problem of a space-
craft with external disturbances and inertia uncertainties are addressed in [30]. In [31], the

attitude and speed control of geostationary satellites using PD and SMC is presented.

To prevent the chattering in the SMC quasi-sliding mode controller is presented in [32].
A nonlinear integral sliding mode controller scheme for a second order nonlinear system is
presented in [33] and the stability cum robustness is proved by Lyapunov stability theory
and LaSalle invariance principle. A SMC with integral augmented sliding surface has been
proposed in [34] and [35] to improve the performance and robustness of an electromechan-
ical system. The attitude control of a spacecraft using eigen axis maneuver in presence
of parameter uncertainty and external disturbances have been proposed in [36]. In [37],
the comparison of performances of a linear control and SMC for attitude control of the
spacecraft with reaction wheels are presented. In [38], two nonlinear controllers for satel-
lite attitude control using Euler angle formulation are presented. First technique is a robust
recursive nonlinear method related to integral back-stepping and feedback linearisation.
Second one is a learning control that updates the control input by learning laws without
the computation of the system parameters and inverse dynamics of the system. A tracking
controller is proposed in [39] to stabilize the attitude of a micro satellite via integrator back

stepping and quaternion feedback.

Fractional order calculus and computations, definitions and properties of fractional cal-
culus, time domain analysis and filter approximation techniques have been explained in
[40]. A Fractional Order Sliding Mode Control (FOSMC) for pico satellite using reduced
quaternion model in presence of gravity gradient disturbance torque is proposed in [41] and
[42]. FOSMC is proposed with different sliding surfaces using modified Rodriguez param-
eter [43]. A fractional regulator for spacecraft attitude stabilization is introduced in [44]
and comparative study between fractional and optimal control law have also been estab-
lished. A FOSMC with two subsliding manifolds is presented in [45] for the deployment
of tethered space systems with external disturbances and unmodelled dynamics. In [46], all
the major modules comprising the FOMCON toolbox, the analysis of fractional order sys-

tems, identification, controller design, tuning and optimization are presented.[47] develops
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a fractional-order (FO) power rate type reaching law for sliding mode control (SMC) of
nonlinear integer order systems with disturbance and uncertainty. The paper [48] provides
stability analysis of finite dimensional fractional differential systems. Alleviation of chat-
tering by power rate exponential reaching law(PRERL) has been proposed in [6]. In [1]
Stability of fractional-order nonlinear dynamic systems is studied using Lyapunov direct
method with the introductions of Mittag-Leffler stability and generalized Mittag-Leffler
stability notions. In [49], stability of fractional order (FO) systems is investigated in the
sense of the Lyapunov stability theory.

From the literature survey it can be observed that various robust control algorithms
have been proposed for satellite attitude control system. Among the robust, non linear
control algorithms, significant amount of research work has been done on Sliding mode
based control algorithms as indicated in the literature survey. Among all of these works,
some of the research works have proposed a hybridization of linear control law in sliding
mode algorithm, to take advantages of both linear and non linear control law. All these
works have contributed a hybrid control structure, which is combination of linear control
law and sliding mode control law. But none of these literature surveyed, provides a sliding
mode based control law, where linear control law has been incorporated in the sliding
surface of the sliding mode controller so as to take the advantage of linear control law in
the sliding surface formulation. Considering the advantages of fractional controllers over
integer controllers, many research works have already been done on satellite attitude control
using fractional order sliding mode controller. But their is a wide scope yet to be explored
in this domain. In the context of satellite attitude control, analysis of different sliding mode
based control laws (both integer and fractional order) and comparison of them in terms
of their disturbance rejection and robustness property , is also a research work yet to be
carried out as per the literature concerned. Also design of a sliding mode based control
law , which is chattering free at the same time ensures robustness, is another an important
research direction in the context of satellite attitude control. All of these aforesaid research
ideas and existing problems have worked as main source of motivation behind this research

project.

1.3 Objective of the Project

Based on the literature review, motivations and the scope of the project, objective of this

work is defined as following:

e Study ,understand and compare various attitude representation techniques and choose
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1.4

one of them for attitude representation of satellite.
Study and implement satellite model with reaction wheel as actuator.

Tuning of integer order and fractional order controllers for satellite attitude stabiliza-

tion.

Tuning of sliding mode and fractional sliding mode based non linear control laws for

satellite attitude stabilization.
Stability analysis of sliding mode based non linear controller.

Validation of all the tuned controllers on satellite model, followed by the analysis of

disturbance rejection property and robustness property of the controllers.

Outline of the Project

Chapter 1 explains the scope of the project, literature survey and outline of the

project.

Chapter 2 describes basic concept and notations related two attitude control of satel-
lite. It also contains description of various reference frames commonly used for
satellite. This chapter also deals with various attitude representation methods and
their advantages, disadvantages.

Chapter 3 provides detailed mathematical modelling of kinematics and dynamics of
satellite. Reaction wheel is also modelled in this chapter.

Chapter 4 gives the detailed description of linear controllers (PD, P D”) design through

optimization method.

Chapter 5 explains design of non linear controllers (PD-SMC, PD-SMC with mod-
ified reaching law, PD? — SMC, PD? — SMC with modified reaching law) in
details. Also tuning method of parameters of each of the controller via optimization,

is discussed in this chapter.

Chapter 6 comprises of simulation results obtained by testing both linear and non
linear controllers (tuned in chapter 4 & 5) on the mathematical model of satel-
lite(designed in chapter 3). Simulation results of different controllers are analyzed
and compared on the basis of performance indices specified.
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e Chapter 7 draws the concluding remarks on the basis of the detailed analysis made in

chapter 6. Future recommendations in this domain, are also provided in this chapter.
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Chapter 2

Basic Concepts & Notations

2.1 Introduction

Attitude of a satellite is the orientation of a pre-defined body fixed coordinate frame with
respect to an external frame of reference. Attitude determination and control (ADCS) is
the process of measuring the satellite’s orientation w.r.t the reference frame(attitude deter-
mination) and thereafter correcting it according to the requirement(attitude control).
ADCS requires (i) Frame of Reference, (ii) Attitude representation method, to be de-
fined properly before the attitude determination and correction process.
In this chapter, we first discuss different reference frames in the context of satellite

attitude control and then we discuss various methods of representation of satellite attitude.

Figure 2.1: Vector measurement in two different frames [1]
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2.2 Frame of Reference

Measurement of any vector requires a frame of reference. There may be several frames
present to measure a vector. Although the components of vector may change w.r.t. different
frames, but its length remains same in all frames. In the the figure 2.1. w is the vector to
be measured. There are two frames considered in the figure namely, X — Y — Z frame and
Xp — Y — Zp frame. Also it can be seen from figure that w.r.t 2"¢ frame, the components
of w are wyx, wy, wy respectively. With respect to this work on attitude control of satellite,
we discuss briefly some of the reference frames [2] [4], which are normally used to describe

the position and orientation of a satellite in orbit, listed as following:
e Earth Centred Inertial (ECI) frame
e Earth Centred Earth fixed Fixed (ECEF) frame
e Orbit frame

e Body frame

2.2.1 Earth Centred Inertial (ECI) Frame

This is basically inertial, non rotating frame. This frame is also called as Conventional
Inertial System (CIS), Geocentric Equatorial System[2]. Below figure 2.2. shows the ECI
frame, with z; axis pointing towards Vernal Equinox. y; axis is 90° from X axis towards

east along the equatorial plane. z; axis is along axis of rotation of Earth.

Vernal Equinox

Figure 2.2: ECI frame [2]
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2.2.2 Earth Centred Earth Fixed (ECEF) Frame

ECEEF frame, as the name suggests, is fixed at the centre of Earth. That means it can rotate
along with the rotation of Earth. This frame is also called as International Terrestrial Ref-
erence Frame. Here X axis is from centre of Earth to Greenwich meridian on the equatorial
plane, Z axis is same as ECI frame i.e. axis of rotation of Earth. Y axis completes the
right hand triad. Figure 2.3. shows ECEF frame of reference. Here object position can be
represented by latitude(¢), longitude(\) and altitude(h).

faregk:

Figure 2.3: ECEF frame [2]

Apart from these main coordinate frames, there are few other frames noteworthy, Topocen-

tric Horizon Coordinate Frame (SEZ system), Topocentric Equitorial Frame.

2.2.3 Orbit Frame

This frame is same as Roll-Pitch-Yaw frame. In case of orbit frame [3], origin lies at
the centre of mass of satellite. X, axis is tangential to the orbit (is in velocity direction for
circular orbits), Z, axis is in nadir direction (centre of Earth) and Y, axis is to complete right
hand coordinate system (negative normal to orbit). An orbit frame is shown in figure 2.4.
There are few variations of this type of frame. For example, RSW or Gaussian Coordinate
frame, NTW frame, Equinoctial Frame (EQW).

2.2.4 Body Frame

Body frame is attached to satellite’s centre of mass, shown in figure 2.5. As discussed in

the beginning, body frame is fixed on the body (satellite). Whenever satellite undergoes
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Zy

Figure 2.4: Orbit frame [3]

attitude maneuver, body frame also changes its orientation according. When there is zero
roll, pitch and yaw angles, only then body frame X, Y, axes coincide with orbit frame’s

X,, Y, axes respectively. Z axis of body frame i.e. Z;, points towards nadir always.

Figure 2.5: Body frame [3]

2.3 Attitude Representation Methods

There are several ways existing in literature on representation of attitude of a spacecraft/satellite.
We discuss some of the methods in this section, which are commonly used for attitude rep-

resentation. They are listed below:
e Direction Cosine Matrix (DCM)
e Euler Angles

e Quaternions
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2.3.1 Direction Cosine Matrix (DCM)

Direction cosine Matrix (DCM) describes the relationship between two frames. Given a
vector in one frame, it can be transformed to other frame using DCM.

Consider the following figure 2.6, In this figure, axes 1,2, 3 are orthogonal unit vectors

\rv‘“

1 \\

Figure 2.6: Coordinate System of 1, 2, 3 inertial frame and u, v, w body frame [4]

2

defining a right handed triad and the triad is chosen as inertial reference frame (I). Another
orthogonal triad attached to the center of mass is considered namely wu, v, w; this is called

as the body frame (B). Then we can define a matrix C¥ as following,

Uy Uz us3
CP =1 Vg U3 2.1)
wq w2 w3

In the matrix wu,, us, ug are components of unit vector u along three axes of the refer-
ence frame,u = [uy, uz, u3]T. Similarly w, v ’s components are there in the matrix [4].The
matrix C}’ is called the Direction Cosine Matrix (DCM), also called as the Attitude Ma-
trix,Coordinate Transformation Matrix , having the property of mapping vector from one
frame to other. Here the notation C'? implies that this DCM is used to transform a vector
from inertial frame to body frame i.e. C¥ : I —B.

Now consider vector @ has components [a;, a, ag]T in the inertial reference frame, and
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denote it by a;. Then it can be shown,

(75} U9 us aq u.a

B
Crar= | v U9 U3 as | = | v.a
w1 Wa W3 as w.a

ap is the vector @ mapped in body frame from inertial frame.

DCM CP or simply C has orthonormal property, this means

C—lch
—=0oct=Cc"Cc=1

where I is identity matrix.

a, | =ag (2.2)

(2.3)

The main disadvantage with equations involving DCM is that we have to ensure or-

thonormal property, which is sometimes difficult while doing numerical computation with

finite precision computer. Also another disadvantage with differential equations involving
DCM is that for a DCM of size 3 x 3, 9 differential equations need to be solved, which

may be computationally expensive in some applications for example space application.

Nevertheless DCM is one of the commonly used attitude representation Method.

z
-

1%, the body frame 2", the body frame 3%, the body frame

yaws right an angle pitches up an angle rolls CW an angle

w about the z-axis @ about the y-axis ¢ about the x"-axis

Figure 2.7: Euler Angle Sequence

2.3.2 [Euler Angles

[5]

Euler angle method is one of the commonly used method to represent attitude. Transforma-

tion from any reference frame (say A) to other (say B) can be broken into three successive

rotations about three specified axes by the amount represented by Euler angles, such that

no two successive rotations are about the same axes [5].

IIST 14
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In the figure 2.7. Z — Y — X rotation sequence is followed. First ¢» amount rotation
is done about Z(yaw) axis to form X 'Y'Z' frame. As rotation is about Z axis, hence Z &
Z' are same. Next # amount rotation is carried about Y (pitch) axis to get XY Z" frame
(again note Y & Y are same). Finally rotation is done about roll axis/ X axis by angle
¢, and the required frame orientation (B) is achieved. Rotation matrices of corresponding

Euler angles are as following:

10 0

Rx+(¢) = |0 cosp sing (2.4)
|10 —sing cos¢
[cos® 0 —sinb

Ry:(6) = | 0 1 0 (2.5)
| sinfd 0 cos0
[ costp  sinp 0

Rz(w) = |—siny cosy 0 (2.6)
0 0 1

Therefore overall DCM for transforming from frame I to frame B is given by,

C3 = Rx(6) Ry (0) Rz (v)

cpch sch —s6
cpstsp + sipcp  syslse + cipedp  clso
cpsbcp + sis¢p  ssbcp — cipsp  clep

(2.7)

where c- means cosine and s- means sine.
Similarly there are other different combinations by which rotation can be performed. Among

all these sequences, two distinct types of rotations can be defined.

e Successive rotation about each of the three axes X, Y, Z . There are six such combinations:1-
2-3,1-3-2,2-1-3,2-3-1,3-1-2,3-2-1.(1 means X axis,2 means Y axis, 3 means Z axis).Each

of them are called Proper Euler Angles.

e First and third rotation about same axis and second rotation about remaining of the
two axes. Again there are six such cases: 1-2-1,1-3-1,2-1-2,2-3-2,3-1-3 and 3-2-3.

Here each combinations are called 7ait-Brian Angles.

The main disadvantage of Euler angle representation is: Gimbal Lock or Singularity

Problem. This problem occurs when pitch angle becomes 90°. In that case roll and yaw
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rotations cannot be distinguished. Another problem with Euler angles is that equations
involved are trigonometric in nature. Hence difficulty arises while solving equations in-
volving Euler angles using numerical methods. Still Euler angles are widely used because
of their less computational load (they need only 3 elements to be computed where DCM

has 9 elements for example).

2.3.3 Quaternions

Quaternions are another way to represent attitude of satellite. Concept of quaternions can

be followed from Euler’s Rotation Theorem, which is as following:

Theorem 2.1. In three-dimensional space, any displacement of a rigid body such that a
point on the rigid body remains fixed, is equivalent to a single rotation about some axis

that runs through the fixed point.

The corresponding axis is known as Euler axis [4] and the angle of rotation is Euler
angle (this different from euler angle sequence defined previously).

Therefore quaternion is formulated as,

e sinf/2
inf/2

o= | s/ 2.8)
e3sin /2

cosf/2

where é = [e, e, 63]T is axis of rotation, 6 denotes the angle of rotation.
In the above formulation, first three parts constitute the vector component of quaternion
and the last component is the scalar component.

Using vector notation, quaternions can be denoted in the following way:

q=q+q

. X . (2.9)
q=qs+iq +jq + kg3

where § = iq1 + jgo + l%qg is vector part of the quaternion, g, is the scalar part of it. Unit

vectors i, J, k are along body axes and they satisfy following equalities:
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1y =—J1=F
(2.10)
jk =—kj =1
ki=—ik=7
if ¢ 1s a unit quaternion, then it satisfies the following relation:
qi+a;+astai=1 (2.11)

2.3.4 Few operations on Quaternions

Here few quaternion related operations are briefly described, which will be used throughout

this work.

2.3.4.1 Conjugate of a Quaternion

Conjugate of a quaternion ¢ is given by,

1 _q“_fl . (2.12)
= Q1 — 1q1 — Jq2 — kg3
2.3.4.2 Norm of Quaternion
Norm of quaternion g is defined by,
lall = Vag" = Vara = \/q% +a3 + a3 + di (2.13)

If ||¢|| = 1, then the quaternion is called unit gauternion.
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2.3.4.3 Inverse of Quaternion

Quaternion inverse, denote by ¢, is defined as below,

*

-1 q
q =
lqll?

(2.14)

*

In case of unit quaternion, ¢~* = ¢*.

2.3.4.4 Quaternion Multiplication

Quaternion multiplication is different from normal multiplication in the sense that quater-
nion multiplication is not commutative, so if ¢, p are two quaternions, then ¢ ® p # p ® q.
Consider 2 quaternions, ¢ & p. Therefore definition of quaternion multiplication is given
by,

qOP=qups — @0+ @GP+ pag+ X P (2.15)

Above eqn. (2.15) can also be written as,

_ | b1 + paqi:s + Q1.3 X P13

T (2.16)
q4P4 — 41.3P1:3

qp

where 1 : 3 implies 3 axis components. For example, ¢1.3 = [q1, ¢o, q3]T. Above eqn.
(2.16) can be used to construct the matrix form of quaternion multiplication. Therefore

matrix formulation of quaternion multiplication is given by,

q®p=Qq)p=Q(p)g (2.17)
where
44 g3 —q2 q1
92 —q1 44 Q3
—q1 —Q@2 —q3 Q4
and () is given by,
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Ps  —P3 P2 D1

= p3 Pa  —Pp1 P2
Q(p) = (2.19)

—P2 P1 Ps D3

—P1 —P2 —P3 P4

2.3.5 Conversion between Attitude Representations

Now after discussing various methods of attitude representation, we now discuss conver-

sion from one attitude representation to other.

2.3.5.1 Quaternion to Euler Angles

Given a quaternion g and considering particular rotation sequences, Euler angles can be

computed as below[5] (here yaw-pitch-roll sequence taken):

6 = tan—l(g—z) (2.20)
= sin *(—mi3) (2.21)
b = mn—l(:—i) (2.22)

where

mi2 = 2¢192 + 2q3qa
misz = 2193 — 2q2q4 (2.23)
Ma3 = 2¢2G3 + 2¢1G4
mas = 245 + 2q; — 1

2.3.5.2 Quaternion to Direction Cosine Matrix

For a given quaternion ¢, DCM can be obtained as below:

207 +2¢3 — 1 2q142 4+ 2q3qs  2q193 — 2¢2q4
C=12¢q1q2 — 2q3q4 245 +2q5 — 1 2¢ogs + 2¢1q4 (2.24)
20103 + 20204 2qaq3 — 2q1qs 2q5 +2¢5 — 1
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where DCM C is defined as,

Cii Cip (O
C= 021 022 023
C31 O3 Css

2.3.5.3 [Euler Angles to Qauternion

For a given set of Euler angles(¢, 6, v) and given rotation sequence (here again yaw-pitch-

roll sequence chosen), corresponding quaternion can be obtained as,

: 0 o 0
q1 = SIN—COS—=COS— — COS—SIN—=SIN—
2 2 2 2 2 2
0
G2 = cosgsmﬁcosg + smacosismg (225
9 .
q3 = cos—cos—sm% — sm?sm—cos%
2 2 2 2 2 2
7 w+ ¢ 0
= —C0S=CO0S— + SIN—=SiNn—=sin—
qa 608200826082 S 25 23 5

2.3.5.4 Direction Cosine Matrix to Quaternion
For the DCM given in 2.1., corresponding quaternion can be calculated as,
q1 = (Ca3 — Cs) /(4qu)

q2 = (031 - 013)/(4%)
qs = (012 - 021)/(4(]4)

1
Q4:§\/011+022+C33+1

(2.26)

2.4 Summary

In this chapter, basic definitions and representation methods related to ‘attitude determi-
nation & control’ is discussed. Under this, various frames which are normally used for
satellite, are discussed. Also, different attitude representation methods for satellite are pre-

sented in this chapter.
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Chapter 3
Mathematical Modelling of Satellite

3.1 Introduction

In the previous chapter, various frame of reference and attitude representation methods of
satellite are discussed. The mathematical model of satellite is discussed in this chapter.

Based on this modelling, attitude controller of satellite will be designed in the next chapter.

3.2 Mathematical Modelling of Satellite

Mathematical model of a satellite, from the attitude control point of view, has two parts

namely, kinematics & Dynamics.

3.2.1 Kinematics

Kinematics is concerned about the orientation of a satellite without reference to any force/torque
which has caused it. Kinematic model is described using time derivative of attitude as a
function of angular velocity.

In this section, kinematics is described using DCM differential equation, differential

equation involving Euler angles and quaternion differential equation.

3.2.1.1 Direction Cosine Matrix

Consider two reference frames A and B as shown in Figure 3.1. which are in motion
relative to each other. Let & = &% be the angular velocity vector of the reference frame B

with respect to the reference frame A. Then the time dependent angular velocity vector

21
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b3
as ,
a, B,
a,

Figure 3.1: Two reference frames A & B [4]

can be represented in reference frame B as,
W= wlb: + CUQb; + wdb; (31)

Basis vectors of B can be represented using Direction Cosine Matrix C' = C% as,

b1 CL_i
by| =C | (3.2)
b_;; as
a by b,
— o —1 ~ o T ~
Ao | = C b2 =C bg (33)
a3 bs bs

As the two reference frames are in motion relative to each other, the Direction Cosine

Matrix is a function of time. Taking the time derivative of eqn. (3.3) with respect to A
frame,

b1 bl
= CT |by| +C7 |y
b ] b
b, ] (& x by
= CT |by| +CT | & x by
b5 & X b
(0, ] 0 —ws w by
= CTlby| =CT" | wy 0 —w]| |by (3.4)
b_:; | —W2 W1 0 b_:;
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where,
Cii Cia Cuy
C = Co Cay Cay (3.5)
Cy1 Cyy Cay

Now we define a skew-symmetric matrix € as,

0 —Ws3 wWa
Q= Ws 0 —Ww1 (36)
—Wa w1 0
Then eqn. (3.4) becomes
by 0
kﬂ@m]@ -
bs
ct—c™a = 0 (3.7)
ct =c'q (3.8)

Taking transpose on both sides,

(e = (c")
c = Q'c (3.9)

Since (2 is a skew-symmetric matrix,
C+Q0=0 (3.10)

Eqn. (3.10) is the Kinematic Equation of the satellite using Direction Cosine Matrix.

The Differential Equation for each element of C can be written as,

011 = w3y — wa
012 = w3Csy — w3y
013 = w3Cs3 — w33
021 = w31 — w3Cy

C22 = wlez - W3012
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Cog = w1C33 — w3C3
Cs1 = waChy — w1 Cy
Cso = waCla — w1 Oy

Cs3 = weCl3 — w1 Cos

(3.11)

The components of angular velocity w;, wo and w3 can be expressed in terms elements of

Direction cosine Matrix as,

wy = 021031 + 022032 + C"23033
Wy = 031011 + 032012 + 033013 (3.12)
w3z = 011021 + 012022 + 013023

3.2.1.2 Euler Angles

Euler angles can also be used to describe the kinematics of satellite. To derive that we
consider orientation of frame B w.r.t frame A.
Consider the rotation sequence of Cy(¢) < Ca(f) < Cs(¢) from A to B with two

intermediate frames A; and A, as,

Cg(df) : Al +—A
02(9) : AQ < Al
Cl(¢) : B+ Ag

where C'(¢), C2(6) and C3(v)) are rotation matrices corresponding to roll, pitch and yaw

axes,
1 0 0 ]
Ci(p) =10 cosp sing (3.13)
0 —sing coso|
cosd 0 —sinf]
Co()=10 1 0 (3.14)
sin) 0 cosO |
cosyp  siny 0
C3(¢) = | —sinyy cosyp 0 (3.15)
0 0 1
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05 , 0 and ¢ represents the time derivatives of Euler angles. Then the angular velocity of

reference frame B with respect to reference frame A, &% (or simply &) can be written as,

w1 o 0 0
wy| = 0] +Ci(9) [8] +Ci(e)Ca(0) |0 (3.16)
w3 0 0 ¢
1 0 —sind )
= |0 cosp singcost 0 (3.17)
0 —sing cosgcostd| |

The inverse relation gives

gﬁ cos  singsinf  cospsind w1

3 — g 1
Q sl 0  cos¢pcost singcost | | wo (3.18)
() 0 sing cos® w3

Eqn. (3.18) is the Kinematic differential equation using Euler angles for the sequence of
rotation C'y (gb) — O (0) +— (5 (@D)

If wy, wy and w3 are known, then the orientation of reference frame B w.r.t to frame A
can be determined by solving the Eqn. (3.18). The singularity problem/ gimbal lock prob-
lem will arise when 0=7 in the kinematic equation. As the sequence of rotation changes

the Kinematic differential equation also change accordingly.

3.2.1.3 Quaternions

Here we derive the kinematic differential equation interms of quaternions. By substituting

eqn. (3.11) into eqn. (3.12) we get,

wi = 2(Giqs + G243 — G3q2 — Gaqn)
wa = 2(Gaqs + G301 — G1G3 — Gago) (3.19)
w3 = 2(43% + q192 — 21 — Cj4Q3)

Differentiating eqn. (2.11),

0=2(q1q1 + G202 — G3q3 — Gata) (3.20)
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Combining equations (3.19) and (3.20) ,

w1 4 9 —G —q| |G
w2 —9 —q3 44 q  —42 2
w3 a2 —q1 494 —qg3| |gs3
0 @ @ 9 qa | |Ga
or
¢ G =@ @ @ |wn
G 1]l @a @ —a @ |w
g3 2 —q2 Q1 qs 43 w3
da —q1 —¢ —q3 q| |0
It can be rewritten as
Q1 0 w3 —w wi| |¢
G| _ll-ws 0w wa @
G| 2| w —wi 0 wi| |a
qa —w; —wp —w3z 0 d4
The ¢ and & are defined as
q1 w1
q= q2 b= |ws
q3 w3

Rewriting the Kinematic differential equation (3.23) as following:

) Lo o L
q = §(CI4W—MXQ)
ga = —EQTCT

Combining equations (3.25) and (3.26),

7| 1 lud-dxq
Ga 2 —wl'q

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Therefore eqn. (3.27) is quaternion differential equation describing the kinemactics of

satellite.
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Remark 3.1. Through out this work, quaternion differential equation(3.27) has been used

to represent kinematcis of satellite.

3.2.2 Dynamics

N

Newtonian
Reference
Frame

Figure 3.2: Rigid body motion relative to Newtonian reference frame

Dynamic equation gives the angular velocity of the spacecraft [3]. Dynamics is de-
scribed using Euler Moment Equation, which we will derive next. Consider a rigid body
which is in motion relative to a Newtonian reference inertial frame N, as shown in Figure

3.2. The equation of rotational motion of the body is given as,

/Fx Rdm = M, =T, (3.28)

dm — infinitesimal mass element

7" — position vector of the mass element dm relative to O

}_? — position vector of dm from the origin of the inertial frame.
R — inertial acceleration of dm

—

M, — total external moment about the point O

Let r.. be the position vector of the center of mass about the point O, p'be the position
vector of dm relative to the center of mass and m be the mass of the rigid body.
Then

/de = mr, (3.29)

/ gdm = 0 (3.30)
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since ]%=R;+F ‘ )
ho +mi x Ry = M, (3.31)

where h:, is the relative angular momentum about the point O and is given by,
@:/?xmm (3.32)
The absolute angular momentum is defined as,
}izi/Fxﬁmn (3.33)
Combining equations (3.28) and (3.33), we get
H,+mR, x 1, = M, (3.34)

If the reference point O is inertially fixed or at the center of mass of the rigid body, then
Equation 3.34 becomes, ' ‘

Hy=M,  h,=M, (3.35)
Consider a rigid body with a body fixed frame B with its origin at the center of mass of the
rigid body as in Figure 3.3. R. denotes the position vector of the center of mass from the
origin of the inertial frame N and R is the position vector of dm from the inertial origin.

Let & = &% be the angular velocity of the rigid body with respect to the inertial frame N.

N

Newtonian
Reference
Frame

Figure 3.3: Rigid body with a body fixed frame with origin at the center of mass [4]
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The angular momentum vector H of the rigid body about the center of mass is defined as,
H = / 7 x Rdm
:l/@di+@mn

— /ﬁx ﬁcdm+/ﬁxﬁdm

= /ﬁdm X §C+/ﬁx ﬁdm (3.36)
o dp dp - =
= (Z£y = (£ 3.37

Substituting equations (3.30) and 3.37 in 3.36, then we get

H= /ﬁx (@ x p)dm (3.38)

where g and & are given as,
7 = b1+ pobs + psby (3.39)
G = wibs + wyby + wiby (3.40)

Using eqn. (3.36), the angular momentum can be written as,

FI = (anl + Ju(x.)z + Jlgw;),)b_l' + (ngwl + ngwg + J23w3)b; + (J31w1 + J32U.)2 + Jg‘g,&)g)b_g:
(3.41)

where J is Moment of Inertia tensor of rigid body.

Jii = / (P22 + p32)dm
J22 = / (/012 + p32)dm
J33 = / (012 + ,022)dm

Jig = Jo1 = —/Ppodm
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Jiz = J31 = —/PlﬂSdm

(3.42)
Joz = Jzz = —/P203dm
The angular momentum vector can be expressed as,
H = Hiby + Hyby + Hsbs (3.43)
H, Jin Jiz Jiz| |wr
H, = Jo1 Jag Jog| |we (3.44)
Hs J31 Jzp o Jaz| |ws
H = Jw (3.45)

According to eqn.(3.35), the angular momentum of a rigid body about its center of mass is
given as, .
M=H (3.46)

H— Angular momentum vector of a rigid body about its center of mass

M —s External moment acting along the body about its center of mass.

ﬁ:(%)N: (%)B—l—ﬁxﬁ (3.47)

Therefore rotational dynamics equation about the center of mass of a rigid body,also called

as Euler Moment Equation, is given by,

M:(dH

- Jx H 3.48
dt )B—i-wx ( )

Let M, H and & can be expressed in terms of the basis vectors of the body fixed frame as,

M = Mby + Myby + Msbs
H = Hyb, + Hyby + Hsbs
S w1b_£ + wa; + w3b_3:
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Substituting these into eqn.(3.48),

M, H, 0 —ws we H,y
My| = |Hy| + | w3 0 —w| [Hy (3.49)
M; Hy —wy w0 | |Hs
since
H, Juu Jio Jiz| |w
Hy| = |Ja1 Joz Jas w2
Hj Js1 J3z Ja3 w3
therefore
M, Ju Ji2 Jis w1 0 —W3 W2 Ju Jiz Jis w1
My| = |Jn Joo Jog| |Wo| + | ws 0 —wi| |Jox Jao Jog| |w2| (3.50)
M;3 31 Jz2 Jaz| w3 —wy w0 31 Jz2 J3z| |ws
Let
0 —w3 ws
Q= ws 0 —w
—Wy W1 0

Then Equation 3.50 becomes
Jw+QJw=M (3.51)

or
Jw+wx Jw=M (3.52)

Eqn. (3.52) is the Dynamic equation of a satellite, where )/ is the total external moment
acting on the satellite. That is equivalent to the total external torque acting on it. i.e.,
M =T Then eqn. (3.52) becomes,

Jw+wx Jw=T (3.53)

In case of principal axis reference frame, the Euler’s rotational equation of the motion
of satellite(3.53) become,

lel — (JQ — Jg)WQWg = Tl
JQLJQ — (Jg — Jl)wgwl = TQ (354)
J3@3 - (Jl - Jg)wl(,UQ = T3
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These are the three coupled nonlinear ordinary differential equations for state variables w,

wy, wy of arigid body, in which .J;, J5 and J3 are the principal moments of inertia.

Consider the case, where reaction wheel is used as actuator. Let h,, — the angular
momentum of the reaction wheel

Then the dynamic equation given in (3.53) becomes,

Jw+wx (Jw+hy) +hy =T (3.55)

Now external torque ‘T, as described in eqns. (3.53),(3.55), can be broken into two parts

namely,
1. External control torque acting on satellite(7,)
2. External disturbance torque(7})

Therefore eqn. (3.55) can be modified as,

Jo 4w x (Jw+ hy) + hy =T, + T, (3.56)

3.3 Modelling of Reaction Wheels

A reaction wheel is an electromechanical device composed of an electric motor that drives
a disc or wheel. The wheel is designed to have a large moment of inertia for the mass it
contain. The motor is integrated within the wheel structure [50].

Reaction wheel based attitude control is governed by the principle of Law of Conser-
vation of Angular Momentum. i.e. "When the external torque acting on a system about a
given axis is zero, the angular momentum of the system about that axis remains constant".
Therefore in a closed system, angular momentum can be exchanged between objects, but
total angular momentum before and after exchange remains constant.

In satellites, reaction wheels are simple disks or rotors that are spun by an electric
motor. When the motor applies a torque to speed up or slow down the rotor, it produces a
reacting torque on the body of the satellite. Since the satellite is a closed system, the total
angular momentum of the system i.e. the angular momentum of the satellite body plus

reaction wheel remains constant.
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Thus, any change in the angular momentum of the reaction wheel results in an equal

and opposite change in the angular momentum of the satellite body.

3.3.1 Configurations of Reaction Wheel

There are various configurations of reaction wheels for satellite attitude control. Three
reaction wheel and four reaction wheel configurations are the commonly used configuration

for reaction wheel mounting.

3.3.1.1 Three Reaction Wheel

In this configuration, Reaction wheels are mounted along the principal axis direction so that
it can contribute momentum along its mounting axis. For an example, if a wheel is mounted
along x-axis direction, it will contribute momentum change only in the x direction. This
model is simple, however if wheel failure happens the body loses its controllability about
the mounting axis. Also zero momentum condition can achieved only by providing zero

momentum to each of the reaction wheel.

Yaw Axis Satellite
ody
=

B
—
_,.,—'-""_FH-

@W

=l 4 Roll Axis

G - ﬁd__,,x"h“‘\-t\
Direction
Of Mation

Reaction or

Pitch Axis

Momentum Wheels

Figure 3.4: Three Reaction Wheel Configuration [3]

3.3.1.2 Four Reaction Wheel

In this configuration, wheels are mounted in pyramidal/tetrahedral configuration with re-
spect to satellite body axis. In a four reaction wheel configuration each wheel will con-
tribute momentum for all the three body axis.Figure 3.5. shows reaction wheel assembly
of 4 wheels in pyramidal configuration. The main advantage of four reaction wheel con-

figuration over the three reaction wheel configuration is zero momentum can be achieved
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Figure 3.5: Four Reaction Wheel Configuration [3]

with all the four wheels are rotated in same speed but in opposite direction, alternately. It
is possible to handle the reaction wheel failure efficiently in this configuration, and such

configuration of reaction wheels increases the reliability and avoid saturation related issues.

3.3.2 Reaction Wheel as Actuator

In this project, Reaction wheel is selected as the actuator [3]. The reaction wheel has a
simple structure and hence it is the most commonly used actuator for spacecraft. Also, for
accurate attitude control systems and moderately fast maneuvers, Reaction Wheels are well
suited because they allow continuous and smooth control. The disturbing torques related
with reaction wheels are comparatively very low. Reaction wheels provide torques about

three body axes.

3.3.2.1 Reaction wheel aligned with satellite coordinate system

Assume that the axis of the reaction wheels are aligned with the satellite body coordinate
system. Let .J,, denotes the moment of inertia of the reaction wheel, w,, 1s the angular
velocity of the wheel, h,, is the angular momentum of the wheel and A, be the angular
momentum of the wheel measured in satellite body coordinates. Then the torque produced

by the reaction wheel is given by,

Bape = =T, (3.57)
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Therefore the control torque on the satellite is given by,

(3.58)

3.3.2.2 Reaction wheel aligned in other direction

When the reaction wheel is aligned with some other direction other than the axis of the
satellite body coordinate system then the angular momentum vector of the wheel with re-
spect to satellite coordinate system can be find out using a rotation from wheel coordinates

to satellite body coordinates.

hy @11 a2 13 Pt
o = |Q21 Q22 Q23 hw2 (3.59)
hs a31 dz2 (33 Pw3

sbc
In vector form,
hove = Ay (3.60)

where the matrix A,, is called transformation matrix or distribution matrix. The number of
columns of the distribution matrix is the number of reaction wheel in the satellite system.

If the reaction wheel assembly consists of four wheels then,

hwl
hy @11 a2 13 a4 3
w2
Nspe = ho = |Q21 Q22 Q23 QA24 I (3-61)
w3
hs 31 dzz 33 dA34
sbe h
w4

3.3.3 Actuator Dynamics

Reaction Wheels consist of a DC motor with a flywheel. It is assumed that each reaction
wheel has a torque limit and an angular momentum limit. That leads to an additional
problem regarding with saturation. Let 7;, be the torque provided by the flywheel assembly

and T, be the output torque provided by the reaction wheel actuator. Then the dynamic
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relation between 7', and 7. is given by the equation

Toh = —h + T,

To=~h (3.62)

n(t) — /0 in(7)dr + h(0)

where 7, is the time constant of reaction wheel and h,. is denoted by A for simplicity.

In Laplace domain, the control torque can be written as,

1
T.(s) = — T or Ty (s) (3.63)

Remark 3.2. In this work, satellite model considered consists of 3 reaction wheels aligned
along satellite body coordinates and this reaction wheel assembly is used as actuator, which

provides necessary control torque on the satellite. So, h = h,, can be considered.

Therefore 7, = 0 in this problem and 7, = —hw is the only control torque (internal)
acting on the satellite. Hence modified attitude dynamics of satellite with control torque

applied from reaction wheel assembly is as following,

Jo+w x (Jw+ hy) =T, + Ty (3.64)

3.4 Combined Nonlinear Model

Combining equations (3.64),(3.27),(3.62) overall non linear model of angular motion of

satellite is obtained. The model is given as below:

w J N =wx (Jw+ hy) + T+ Ty)
J q —%w X q+ %Q4]3><3W
= e | = —1u7q (3.65)
hw _Tc
| e || —Lhy+ 2T, |

In the above eqn. vector notation ¢ —' has been dropped from the vector quantities and
same notation has been continued throughout the remaining part of this project. So, ¢

means here vector part of a quaternion i.e. ¢ = [q1, ¢o, g3]” for example.
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3.5 Linearization of Mathematical Model

For design of linear controllers, proposed in the next chapter , mathematical model of the
satellite is to be linearized about the chosen operating point.

To linearize satellite model, the non linear model (3.65) is considered with state vector
x defined as, = = [w, ¢, hu, ha]T.

Let the steady state point of operation of the system be denoted by z = [, 7, A, fTLw]T
and deviation from operating point is denoted by A before variables namely Az = [Aw, Ag,

Ah,,, Ahw]T. Then state space model of linearized satellite model is given as below [50],
Az(t) = A(t)Ax(t) + By (t) AT, (t) + BaATy(t) (3.66)

where jacobian matrices A;; = 9/, tand B;; = o/, L (in this work u denotes 7’, which equals

T Oy Ouj

t0 [Tow1, Two, Tws]” and f is given by,

J N —wx (Jw+ hy) +T.+ Ty)
—%w X q+ %Q4I3><3W

f= —swlyq (3.67)
~T.

—Lh,+1T,

Using (3.67), matrices A, B,,, By are calculated as,

J YA, Osxz JMA,  —J7!

iy 0 0 0
A— 543x3 3x3 3x3 3x3 (368)
O3x3  O3x3  O3x3 033
03><3 03><3 03><3 _%IBX?)
and
O3x3 J!
0 0
Bu _ 3Ix3 ,Bd _ 3x3
O3x3 03x3
_%]3><3 03><3

The inertia matrix of satellite .J is given by,
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Ji 0 0
J=10 Jy 0 (3.69)
0 0 Jss

Remark 3.3. Throughout this work, satellite body coordinate system is considered to be
aligned along principal axis

In eqn. (3.68),

0 ws(Jzg — Ja2) — huws  wa(J33 — Joz) 4 huo
Ap = |ws(Ji1 — J33) + huws 0 wi(Ji1 — J33) — hu (3.70)
wa(Jo2 = J11) = hwz  wi(Joz — J11) + han 0
, and
0 W3  —Wsy
Ap=|—-w3 0 w1 (3.71)
wy —w; 0

The above expressions of state matrices A, B,,, B, are to be evaluated at the chosen operat-
ing point namely, Z = [@, §, o, ha)”

3.5.1 Linearization Parameters

Parameters Value
q 000 1]
w [0.02 —0.07 0.05]
R [0 0 0]
P [0.02 —0.07 0.05]
Inertia matrix of satellite diag[50, 75, 100]
Time constant of the reaction wheel 100 ms

Table 3.1: Parameters for Linearization

3.5.2 Transfer Function Representation

The linearized satellite model with reaction wheel assembly has 7., = [T,,1, T, ng]T as

input torque and vector part of quaternion q = [q;, ¢2, q3]* as output. Therefore the whole
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model of satellite system consists 3 inputs and 3 outputs, when formulated in laplace do-
main, linearized systems contains 9 transfer functions namely, T;,; input ¢; output, 7T},
input ¢; output, 7', input ¢; output, 7,,; input gs output, 7,5 input g» output,7’,3 input ¢,
output, 77, input g3 output,7’,, input g3 output, 7', input g3 output. Out of these 9 trans-
fer functions, the transfer functions 7’,,; input ¢; output, 7', input g, output, 7;,3 input g3
output are direct axis transfer functions in the sense that these transfer functions have in-
put and output along same axis. While remaining transfer functions are cross axis transfer
functions i.e. input and output are along different axes. For the given linearization parame-
ters , magnitude of cross axis transfer functions are negligible. Hence only 3 controllers to

be designed for 3 direct axis transfer functions. They are given as below,

e For T),; input and ¢; output, corresponding transfer function is,

0.1

G = 3.72

1(s) s3 4+ 10s? (372)
e For T’ input and ¢, output, corresponding transfer function is,

0.06667

== 3.73

G (s) s3 + 1052 (373)
e For T’,3 input and g4 output, corresponding transfer function is,

0.05
=" 3.74
Gs(s) s3 4+ 10s2 (3.74)

3.6 Summary

In this chapter, the non linear of satellite is developed, which consists of two parts: Kine-
matics and Dynamics. Different methods have been proposed to formulate the kinematics
of satellite. Conservation of angular momentum has been used to model the attitude dynam-
ics of satellite. Finally the non linear model of satellite is linearized around the equilibrium
point. Further three axis transfer functions for the satellite model, have been derived from
the linearized model.
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Chapter 4

Linear Controller Design

4.1 Introduciton

There are different methods existing for controlling the attitude of satellite. They can be
broadly classified as: Passive Attitude Control technique and Active Attitude Control tech-
nique. Spin stabilization, Gravity gradient stabilization, Aerodynamic stabilization, Solar
pressure stabilization comes under passive attitude control technique. Therefore passive
attitude control is based on external disturbance torques acting on satellite, where as Active
attitude control is based on feedback control theory. ‘Attitude Determination & Control’
(ADCS) subsystem is designed under this category.

The main disadvantage of passive attitude control methods is that, this type of control
methods have poor accuracy and inflexibility to condition/ environment change. Also sta-
bility is not guaranteed in these methods as environment and other effect can induce induce
unwanted attitude maneuver in passively stabilized body. Additional damping system is
needed to augment such effect. Therefore, active stabilization method also known as three
axis attitude control has been chosen in this work.

Now the single axis transfer function of the linearized satellite model, is of the form
G(s) = ﬁ (J being the satellite’s moment of inertia). The transfer function has two poles
at the origin. Therefore PI based control laws can lead the system to instability. Hence in

this work, PD based control laws are proposed namely,
e PD control law
e PD? control law
e PD Sliding Mode Control Law

e PD Sliding Mode Control Law with Modified Reaching law
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e PD? Sliding Mode Control Law
e P D’ Sliding Mode Control Law with Modified Reaching law

Among all these controllers, linear controllers(PD and P D?) are the topics of discus-

sion of this chapter. Rest are discussed in the next chapter.

4.2 Generalized Block Diagram Representation

q_r
Qauternion e
Error Block

a_s [T_control

Y

/T w . h_w Satellite s
Controller | Reaction Wheel > Attitude >  Kinematics [
Y Tec Dynamics w_s

A

A

w_r
> Angular w_e
Velocity

Figure 4.1: Block Diagram of Linear Attitude Control System

Block diagram 4.1. depicts the general structure of the linear attitude control system of
satellite. Internal structure of controller block will vary depending on whether it is integer
order or fractional order controller.In the block diagram 4.1., Reaction wheel dynamics,
Satellite Dynamics and Kinematics blocks are developed based on the equations formu-
lated in previous chapter. 1., 1S the output of controller, which is also the torque acting
on the reaction wheel rotor(7},). h,, denotes angular momentum of reaction wheel assem-
bly and T, is the torque applied on satellite from reaction wheel assembly, as described in
previous chapter.Angular velocity and quaternion Initial conditions are provided to satellite
dynamics block and kinematics block using w;y;tiqa; and g;n+q; blocks respectively.

Considering above block diagram,we now define followings , which will be used through-

out this project.

e Error quaternion (¢.,) is a4 x 1 vector defined as below,

Let ¢, and ¢, be the measured and reference satellite quaternions. Then error quater-
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nion is defined as[?],

Gs4 qs1 qs2 qs3 qra Gel1
_ - q q - q
er = 0 1 Q G = gs1 s4 s3 gs2 dr1 _ e2 (41)
—(gs2 —(gs3 qs4 qs1 qr2 Ge3
—(s3 qs2 —(gs1 Gs4 qr3 Ged

Where ® denotes quaternion multiplication.

Vector part of error quaternion(shown in block diagram) is denoted by ¢., which

equals to [qe1, Gea; ges] -

e Angular velocity error(w,) is defined as,

We1
We = Wy — Ws = | Wea 4.2)
We3
wrx w5$
Where w, = | w,, | reference angular velocity and ws = | w,, | satellite angular
wT‘Z wSZ

velocity.

4.3 Control Design Approach

Before designing the linear controller laws, we consider the fact that operation of satellite
is dependent on power generated by on-board batteries and solar panels. Hence it is always
preferable to minimize power consumed by the ADCS , for precise operation of satellite up
to the specific period of time. Therefore, Control Effort (||(¢)||3) Minimization has been
chosen as objective while designing linear the controller.

|@(t)||3 is defined as below,

lE@)1 = la @1z + a3 + a3

= = o0 (4.3)
:/ |ﬁl(t)|2dt+/ |ﬁg(t)|2dt+/ |5 (1) |dt
0 0 0
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where () is the output of the controller acting in close loop (same as Tiopnr0 OF 1), in
figure 4.1). Hence, We formulate the general optimization problem for linear controller

design as following,

minimize ||@(¢)]|3

subject to Conditions specified below, from (4.4) to (4.6)

Frequency domain approach has been used in this work to set up the constraints of
the optimization problem discussed above. 3 frequency domain specifications are dis-
cussed here in general namely, phase margin specification, Isodamping condition and gain
crossover frequency specification.

Suppose the plant transfer function be G(s) and the controller transfer function be

G.(s). Then all three frequency domain specifications mentioned above can be listed as,

4.3.1 Phase Margin Specification
Arg|G(jwee)Ge(jwge)] + T < ¢m (4.4)

where ¢,, is the specified upper limit of the required phase margin, w,, is the required gain

crossover frequency

4.3.2 Gain Crossover Frequency Specification

At gain crossover frequency w,., open loop transfer function G(s)G,(s) satisfies following
condition,
|G (jwge) Ge(jwge)| =1 (4.5)

4.3.3 Isodamping Condition

This condition also termed as ‘robustness to gain variations’ is given as below,

d(Arg|G(jw)Ge(jw)])
dw

=0 (4.6)

W=Wgc

This condition satisfies phase flatness around gain crossover frequency, hence ensuring

robustness against gain changes and overshoot of time domain response remains same.

Remark 4.1. Number of specifications to be used for controller design, will be decided

depending on the structure of the controller.
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4.4 Proportional Derivative Controller (PD)

Mathematical of model satellite, as given by eqn. (3.65) is non linear in in nature, where as
PD controller is a linear controller. Therefore linearized model of satellite has to be taken

into account.

4.4.1 Formulation of Optimization Problem

Let, the PD control structure for the linearized satellite model be,

where © = any of the 3 axes.
Consider, G;(s) be the direct axis transfer function along any particular axis ‘i’(Same de-

sign procedure is followed for all 3 axes). Then open loop transfer function is,
Gop(s) = Kpi(1 + Kais)Gi(s) (4.8)

For design of PD controller (4.7), having two parameters (K,;, K{4;), phase margin speci-
fication and gain crossover frequency specification are only considered. Hence equations

(4.4) & (4.5) are evaluated for this open loop dynamics (4.8).
e From eqn. (4.4),

ArglGi(Jwge)] + Arg|Gei(jwge)] + pi < dm 4.9)

Now Arg[Gei(jwge)] = tan™ (Ky wye). Say Arg[Gi(jw,.)] is denoted by ZG;

Then from eqn. (4.9), phase margin specification is evaluated as, ”
LG Htan T (Kg wee) + 7 < b
—> tan~ ' (Kg wye) < ¢m — 7 — £G;
an " (Kai ge) < Gm = e (4.10)

= tan~ ' (Kg wye) < A

= Ky wge — tan(A4) < 0
Therefore, the phase margin constraint is simplified for PD controller as follows,

Ky wge — tan(A) <0 4.11)
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where
A=¢, —m— LG, 4.12)

Wgc

e Now consider eqn. (4.5),
|Gi(jwge) [|Gei(jwge)| = 1 (4.13)

Again |G (jwye)| = Kpin/1 + (Kgiwge)? (for K > 0).

Therefore eqn. (4.13) simplifies to,

1Gi(jwge) | Kpin/ 1+ (Kgi wge)? —1 =0 (4.14)

Hence optimization problem for design of PD controller, is constructed as following,

minimize | @(t)||3
subject to Ky wy. — tan(A) < 0
|Gi(Jwge) [ Kpin/1 4+ (Kgi wge)? —1 =0 Vi=1(.)3 &A given in (4.25)

Remark 4.2. Optimization problems are set up for all 3 axes separately.Gain values of 3

axis PD controller(K,;, K4;) are to be obtained by solving those optimization problems.

4.4.2 Control Law Design

Before solving the optimization problem constructed above, the parameters w,. and ¢y,
need to be chosen properly.

wye 1s related to system bandwidth and ¢,, related to damping of time domain response.
Hence wy. should be less than resonance frequency of lowest bending mode and slosh
mode, at the same time w,, should be large enough to have adequate bandwidth for system
response [S51].

Again ¢,, should be chosen depending on the damping required in time domain re-

sponse. In this work, wy. and ¢,, are set as follows,

wge = 1 rad/s and ¢,,, = 80°

Finally optimization problem is solved (for each axis) using above values of w,. and

P
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PD control law for non linear satellite attitude dynamics model, is formulated as below[4],

Tcontrol = 2KP Qe + KD We (415)

Where Kp = diag{Kpl, Kpg, Kpg} and KD = diag{KDl, KD27 KD3}
(‘Diag’ means principal diagonal of a diagonal matrix)

and Kp; = K,,;Kq; Vi = 1(.)3. Other terms in eqn. (4.15) are explained previously.

4.5 Fractional Proportional Derivative Controller (PD?)

Fractional controllers are those which are described using fractional integrals and derivative
operators. In various literature, fractional controllers are claimed to be superior compare
to their integer order counterpart, in terms of performance indices. This project aims to
verify those claims. First we briefly introduce Fractional Calculus concept. Followed by

that, fractional control law is designed.

4.5.1 Fractional Calculus

In fractional calculus the generalization of fractional integral and derivative of order /3 with

initial condition ¢, is [52],

& Re(f) > 0
WD/ =141 Re(B) =0 (4.16)
Jidr? Re(B) <0

V

Generally there are three common definitions followed in fractional calculus.

Definition 4.1. The Caputo fractional derivative of the order « of a continuous functionf :
RY — R is defined as,

1 t f(ﬁ) (7)
d -1
D fty = d TP b G m o L<B<m (4.17)
LI () f=m

where m is the smallest integer bigger than (3,

['(z) = [;° e 2" dx be the Gamma function.
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Definition 4.2. Riemann-Liouville fractional integration of order 3 is defined as,

JPf(t) /f )t — 1) dr (4.18)

where > 0 and t > a.

Definition 4.3. Riemann-Liouville fractional derivative of order [ is defined as,

ST i ~1 N
DPf(t) =" e (4.19)
() n=_3

Throughout this work, Caputo’s definition has been used to define fractional derivative

terms.

4.5.2 Formulation of Optimization Problem
Consider the structure of P.D? fractional controller is of the form,
Gefi(s) = Kpi(1 + Kgs™) Vi=1()3 (4.20)

Here s” implies laplace form of fractional derivative of order 3, with 0 < 3 < 1. Hence

open loop transfer function is given by,
Gop(S) = Kpl(l + KdZS’Bl)Gl(S) (421)

Where G;(s) is one of the direct axis transfer functions as described in (4.8)
It is to be noted that same design procedure is to be followed for all 3 axes.
Now in case of PD? controller, there are 3 parameters to be designed namely, K,,, K; and

B. Therefore, all 3 frequency domain conditions, (4.4)-(4.6) are considered.

e From eqn. (4.4) we can write,

Arg|Gi(jwge)] + Arg[Geri(jwge)] + pi < ¢, 4.22)
, | sin (=fi)r ’81 + Ky wli  (1— )
Now Arg[Gepi(jwge)] = tan™ = 57) — 5 [52]

Hence from (4.22), the phase margin spec1ﬁcat10n simplifies to,
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i (1=B)m Bi
sin + Kg whi 1—5;
/G;|  +tan™! 2 5 4 Yo _ 5)W+w<¢m
wge oS 5 2
s B 4 Ky (1= g
(1-Bi)= o 9
2

— tan~!

< Oy — LG

COS Wge

: l_ﬁi ™ i
Csin 2T Ky wfi (1)

i
= tan~ (AL — <A
Ccos —1 2

L Sin = 4+ K wii (1= B
=0 << 5 + A

= tan
CoS

i A=Bm 5z
sin ~—2*= + K4 w
— 2 i Foe < tan(B)
cos (1-By)m
2

— P 1 -5
= Ky 6’—|—sm#—cos%tan(3)<0

where

B =
2

+A
and A given by,

Wgc

e Next consider the gain cross over condition (4.5),

|Gi(Gwge)|Gegi(Gwge)| = 1

Again magnitude of G¢; at gain cross over frequency w,, is given by,

|Gcf1, ]wgc \/ + Kdz
Therefore eqn. (4.26) simplifies to,

) (K g wh ) for K; > 0.

ﬁﬂT

Gi(jwge) | K, \/ 1+ Ky wgc cos 5 fim

2-1=0
<)

)2+ (Ka wgc sin

e Finally consider the isodamping condition (4.6),

dArg|Gi(jw)]
dw

N dArg[G.fi(jw)]
dw

W=Wgc W=Wgc

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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LG, LGy,
—_— + -

=0 4.28
dw Wye dw Wygc ( )

o (=B Bi
sin + Kawge (1 -0 .
Now /G.;| = tan™? 2 ai Wy (1= fBi)m , which gives,
f (1—B)r 9
Wgc COSs T

i—1
_ M i e (4.29)
wpe  cos UPIT(1 4 tan? B)

dZLG.y;
dw

Hence using (4.29), isodamping condition(4.28) reduces to,

d/G;
dw

Kgi B; whi™
wge  COS W(l + tan® B)

=0 (4.30)

Therefore the optimization problem for PD” controller design is formulated

as following,

minimize ||d(¢)||3
subjectto Ky wpi + sin (1_251')” — cos (l_fi)” tan(B) < 0

]Gi(ngc)|Km-\/(1 + Ky wgc coS 6‘”) + (Ky wgc sin B;’T) —1=0

d/G;
dw

K B wii? B
wee  cos UEHIT 51) “(1 + tan® B)

4.5.3 Control Law Design

For design of PD? control law, above optimization problem needs to be solved.

In the optimization problem, The parameters w,. and ¢,, are chosen same as the values
chosen for PD controller.

We solve the optimization problems for 3 axes separately and K,, K, 3 values obtained
for each axis separately. Finally these gain values are used to construct fractional control

law of the non linear satellite model as following,

Tcontrol = 2KP ge + KD Dﬁ_lwe (431)
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Where D7 is the fractional derivative operator and operator D? = [D%, D?2 D%]T oper-
ates element wise on w,.

Also Kp = diag{ Ky, K2, Kp3} and Kp = diag{ Kp1, Kp2, Kps}

where Kp; = K, Ky, Vi=1(.)3

4.6 Summary

In this chapter, linear controllers namely PD and PD” are designed for satellite attitude
control. Linearized model of satellite has been used for that purpose. For a particular
control law, separate controllers have been designed for all the three direct axis transfer
functions of the linearized satellite model. Parameters of each of the controllers are tuned
using optimization method. Gain cross over frequency, phase margin and Isodamping con-

ditions are used as constraints for tuning the controllers.
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Chapter 5

Non Linear Controller Design

5.1 Introduction

Design approach for linear controllers is simple. But the problem with linear controllers,
specifically for plants with non linear dynamics is that, design of linear controllers does
not ensure the robustness condition. Also the linear controllers are designed for particular
operating point. Hence they cannot provide satisfactory performance over a wide range of
operating points, which is very crucial for dynamic systems like satellite or launch vehicle
, where operating point changes with time.

All these problems can be overcome by nonlinear controllers. In this work, non linear
controllers have been designed to verify the superiority of non linear controllers over the
linear controllers.

Sliding mode based nonlinear controllers have been aproached in this work. The main
advantages of sliding mode (discussed later) control laws are, robustness towards param-
eter uncertainity & disturbance rejection and order reduction during sliding phase (hence
better assurance over the convergence of states towards origin).

From the satellite attitude control point of view, these properties of sliding mode con-
trol, exactly matches with the design requirement of ADCS i.e. satellite can operate without
being affected by external disturbance torques, and satellite can withstand parameter vari-
ations (robustness).

In this work, 4 sliding mode based non linear control laws have been proposed. They

are as following,
e PD Sliding Mode Control (PD-SMC)

e PD SMC with Modified Reaching Law
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e Fractional PD Sliding Mode Control (P D”-SMC)

e PDPA-SMC with Modified Reaching Law

5.2 Generalized Block Diagram Representation

_ar, ) ae
Qauternion | —
hError Block L
q_s Ly
> —» T_control — p—
. ITw . W atellite s
Slldlré‘gloiir‘face —» Controller —> Relajcl:.lt;r:n\:'\(l':r;eel = Attitude »  Kinematics 05 |
Y Tc Dynamics W_s
> —»| > y
W_T,
] g iy q_initial
Error w_e =
w‘?s>

Figure 5.1: Block Diagram of Non Linear Attitude Control System

Block diagram 5.1. represents the generalized structure of the nonlinear attitude control
system of satellite. Depending on the sliding surface and control law chosen, internal
structures of sliding surface block and controller will vary. Apart from sliding surface
block and controller block, other blocks in fig. 5.1, are same as in fig. 4.1. Therefore other

blocks are not explained here again.

5.3 Brief Review on Sliding Mode Control

As the nonlinear control laws to be designed in this work are sliding mode based, therefore
a brief introduction on sliding mode control is provided here [3].

Sliding Mode Control (SMC) is a nonlinear control that brings the system states into a
surface known as sliding surface or sliding manifold, where the system states stay for all the
time. Sliding manifold is a surface, where once the system states have reached there then it
will converge to the desired states. SMC is a discontinuous control and the control signal
switches from one structure to another based on the current position in the state space from

the sliding surface(hence SMC is also termed as variable structure control technique.
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X7

X (1‘0 )
Reaching
Phase

Sliding surface

Sliding Phase ]

Figure 5.2: Sliding surface with sliding phases [3]

The phase trajectory of the SMC is having two phases: Reaching phase and Sliding
phase, which is shown Figure 5.2. The trajectories that are starting from outside of the
sliding surface are tends towards the sliding surface. This phase is known as reaching
phase. After reaching the sliding surface the trajectory starts to move along the sliding

surface towards the desired states. This phase is called sliding phase.

5.3.1 SMC Law Design

Design of sliding mode control comprises of two components [53]:

e Design of surface known sliding surface such that reduced ordered sliding motion

satisfies design specifications imposed by the designer.

e Synthesis of control law, discontinuous about the sliding surface such that trajectories
of the closed loop motion are directed towards surface, in other words control law

must be such that sliding surface is attractive.

5.3.2 Advantages of Sliding Mode Control

e SMC has the ability to nullify the effect of certain kind parameter variations implicit

in the input channel(known as matched uncertainty) and hence the SMC is robust.
e Also SMC has the capability to reject disturbance while sliding on the surface.

e Another advantage of sliding mode control is that reduction in order of the system
while system is in sliding motion, which gives a better assurance on convergence of

system states towards origin of sliding surface,
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5.3.3 Chattering Effect

Although the advantages described above, make the sliding mode technique highly accept-
able among the existing robust control methods, this method has flaw from the practical
implementation point of view. In practical case, system states after reaching the sliding
surface, will not stop but overshoot it. This behaviour is termed as chattering. There are

mainly two reasons behind chattering:
e Un-modelled part in the dynamics(also known as parasitic dynamics)

e Finite Sampling time:
In ideal case, sliding mode requires infinite sampling frequency. But in reality due
to switching non idealities, system works on finite sampling time, which causes this

chattering phenomenon.

5.3.3.1 Chattering Avoidance

We consider here switching operation to be the source of chattering. From the mathematical
point of view signum function used for switching causes chattering. The chattering leads to
low control accuracy, high wear of moving mechanical parts and wastage of energy. So
chattering phenomenon should be avoided. The commonly used method to avoid chatter is
Boundary Layer Control, which is basically to replace the signum function in the control

signal with saturation function, which is given by:

1, for S>¢
sat(S,¢) = ¢ 2, for |S| < ¢ (5.1)
-1, for S<¢

where ¢ is the thickness of boundary layer, S be the sliding surface.

As the value of ¢ approaches to zero, the saturation function become signum function.
As ¢ reduces the chattering effect will increase. For high value of ¢, chattering effect gets
eliminated but it occurs in cost of loss of robustness property. Therefore boundary layer
thickness should be chosen with care.
Now we discuss one by one all the non linear control laws mentioned at the beginning of

these chapter.
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5.4 Proportional Derivative Sliding Mode Controller (PD-
SMC)

The name of this control law being PD — SMC'is followed from the fact that PD control

law is incorporated in design of sliding surface to avail the advantages with PD control law.

Aim of this work is to check that claim from the behaviour of the closed loop system.
Design of PD — SMC consists of two phases namely,

(i)Design of Sliding Surface

(i1) Design of control law that stabilizes the system.

The objective of control law design is to attain desired quaternions and angular velocity,

i.e. to make ¢., w, to zero.

5.4.1 Sliding Surface Design

As described before, choice of sliding surface(S) is followed from PD control law for 3

axis satellite attitude control [4],

S:2que—|—KD(JJe (52)

where K p, K p are gain values of PD controller, S consists of 3 components namely,[S}, Sy, S3]7.

5.4.2 Control Law Design

Followed by the theory of sliding mode control, PD — SMC' Control law can be broken
into two parts,

(1) Equivalent control law ()

(i1) Discontinuous Control Law(u g;scont)

Hence overall control torque is expressed as following,
Tcontrol = Ueq + Udiscont (53)

Firstly, continuous part of control torque i.e. u., is designed, followed by design of g;scont-

5.4.2.1 Equivalent Control Design (u.q)

For design of u.,, we use the fact that during sliding phase, discontinuous part of control

law (function of sliding surface ‘S’) becomes 0, as during sliding phase S = 0. Therefore
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only the equivalent control law acts during sliding phase.

From above discussion we can conclude that during sliding phase S = 0. It implies that,

S=2Kpge+Kpw.=0 (5.4)

Now followed by (3.27), we can write,

'e 1 edWe T We e
QBT:[q]:_[q4w wxq] (55)

QE4 2 _wg de

From above equation relation between ¢. and w, can be written as,

. 1
e = §(Qe4 We — We X qe)

1 Ge4 —(e3 Ge2
2 Ge3 Ges Gel1
—(e2 Ge1 Geq

1
= -Q.we (5.6)
2
Therefore using eqns. (5.6) & (3.64), eqn. (5.4) can be simplified as,

1
2Kp.§Qewe + Kp w. =0

- Kp Qewe+KDJ’1[ueq—we X (Jwe + hy)] =0

- KDJ_I[ueq — we X (Jwe + hy)] = —Kp Qewe
K

= Ueqg = We X (Jwe + hy) — —PJQewe 5.7)
Kp

5.4.2.2 Discontinuous Control Design (ug;scont)

Followed by the existing literature on sliding mode, we consider the discontinuous part of
control law to be,
Udiscont = —KSng(S) (58)

K represents gain of nonlinear control law. This structure of discontinuous law, helps to
bring the states towards sliding surface within finite time.

Therefore, overall expression of control torque is given from eqns. (5.3),(5.7) & (5.8) as
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below,

Tcontrol = Ueq — KSg?l(S)

K
= Toontrol = We X (Jwe + hy) — K—PJQewe — Ksgn(S) (5.9)
D
where sgn(S) = [sgn(S;), sgn(S,), sgn(S.)]*, sgn denotes signum function.
K,, Kp, K are the parameters to be tuned in this problem. Tuning method of these param-

eters is discussed in section (5.8).

5.4.3 Proof of Finite Time Convergence & Stability

To support the simulation results, it is sufficient to prove the finite time convergence (Reach-
ability Analysis) and stability condition for the proposed PD — SMC' control law.

5.4.3.1 Proof of Finite Time Convergence

One of the requirement from the sliding mode based control law is that system should
converge to sliding surface in finite time. Therefore it is necessary to prove that finite time
convergence is ensured by the PD-SMC law proposed in 5.9.

A lemma has been stated [43] first, which will be useful in the proof of finite time

convergence for all the sliding mode based non linear control laws proposed in this work.

Lemma 1. Consider a continuous system: © = f(x), f(0) = 0,2 € R™ Assume there
exists a continuous positive definite function V : R" — R,a € Ry, k € (0,1) and there is
a neighbourhood of origin Uy C R" such that,

V(z)+aV®(z) <0,z € Uy/{0} (5.10)
i.e. V(x) 4 aV"(x) is negative semi-definite function. Then origin is a balance point which
can be reached in finite time. If Uy = R", then origin is a global balance point, reachable

in finite time duration.

Proof. Finite time convergence to the sliding surface is proved using Lyapunov function

method. Therefore consider a Lyapunov function ,

1 T
Vor crpe — —— 11
PD-SMC 2KDS JSa (5 )
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Where Kp > 0 and J is moment of inertia matrix(hence positive defintie). Therefore KLDJ

is positive definite matrix. S is the sliding surface defined incase of PD — SMC'(5.2) law.
Taking time derivative of both sides of (5.11),

) 1 .
Vpp_suc = K—STJS
D
1
= K_STJ(KPQewe + KDJ_I[Tcontrol + Td — We X (Jwe + hw)])
D
(using (5.7))
— 1 T -1 Kp
= —S"J(KpQewe + KpJ Hwe X (Jwe + hy) — —JQewe
KD KD
—Ksgn(S) + Ty — we X (Jwe + hy)]) (using (5.9))

1 K
= —STJ(KpQewe + KpJ ' [~=LJQ.w. — Ksgn(S) + Ty))
KD KD

= LKDSTJJ_I(TGZ — Ksgn(S))
Kp
= —ST(Ksgn(S) —Ty) (5.12)

If K is positive scalar such that K > ||Ty||, then from (5.12),

Vep_sme < =S|l (1) reachability condition)

— Vpp_sue < —|1S|2

= Vpp_suec < — )\—(J)VPDfSMC (fI'Ol’l’l (511)) (5.13)
) . . 2Kp
Where A4 is the maximum eigen value of J.Also, let n = Nown ()
Then (5.13) gives, "
Vep-suc +1VEp_sue <0 (5.14)

. 1
Since the function Vpp_gyc + nVEp_ g 18 negative semi-definite. Therefore from the
lemma 1. stated above, we can conclude that system reaches sliding surface in finite time

i.e. finite time convergence of the system is proved. [

5.4.3.2 Proof of Stability

After reaching the sliding surface, system states must slide towards origin. This is guaran-

teed by proving that system is stable during sliding motion.
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Here first we state Lyapunov Stability theorem[54], which will be useful in the proof.

Theorem 5.1. Consider, a system & = f(x) with a fixed point at x*. Suppose we define a
continuously differentiable, real valued function V (x) (also called Lyapunov function) with

the following properties:
1. V(xz) >0V z #z"and V(z*) = 0 i.e. V(x) is positive definite.
2. V<0V # x* i.e. all trajectories downhill towqrds *.
Then x* is globally asymptotically stable and for all initial conditions x(t) — x* ast — oc.

Proof. To prove the stability, we consider the fact that after reaching phase is over

S becomes 0. Then from eqn. (5.2) we can write,

2K pge + Kpw. = 0
Kp (5.15)

Now for proving the stability, we choose the Lyapunov function candidate to be,

1
Vo = 500 e (5.16)

Now differentiating (5.16) w.r.t time we get,

“/:1 = qu(je
1
= éqZQewe (using (5.6))

= - e (—2—)q.
50 @ ( KD)q
Kp r

= _K_qu QeGe
Kp

I T 5.17
ol (5.17)

(using (5.15))
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Under the condition Kp > 0, Kp > 0, and also keeping g., > 0 always, we have

Vq <= 0. Hence V satisfies the following criterions:
1. V,>0ifg. #0
2. V,=0ifg. =0
3. V, <=0, V,=0 if and only if ¢, = [0,0,0]”

By using Lyapunov’s Theorem we can conlcude that, ¢, = [0, 0, 0]7 is asymptotically stable
and ¢, —[0,0,0]7 is guaranteed.
]

5.4.4 Calculation of Reaching Time:

Let the time for reaching the sliding surface be t,.qc,. This t,cqc, 1S @ performance index
for sliding mode type controller. The expression for reaching time is analytically calculated
as following. It is known that after reaching the sliding surface, S = 0. Hence Lyapunov
function Vpp_gpsc 1s also O after reaching sliding surface.

For simplicity in notation, let us denote Vpp_ gy by V. Now say V at t=0 be V;(Sy).Then
from (5.14),

Vi < —pVp?
treach 1 treach
— / V34V, < —n / dt
0 0
= —2 ‘/I(SO) S _ntreach
2
- treach < — ‘/I(SO) (5.18)
n

Hence expression for maximum reaching time is given by,

2
— V() (5.19)

max n

treach

Putting value of 7 in (5.19),

treach

2
= \/K_D Amaz(J) V1(S0) (5.20)

1IST 62 Avionics Dept.



CHAPTER 5. NON LINEAR CONTROLLER DESIGN

5.5 PD-SMC with Modified Reaching Law

The main disadvantage of sliding mode based control laws is Chattering effect. As dis-
cussed earlier boundary layer control technique is a method to reduce chattering. But
disadvantage with boundary layer control is that sliding variable does not becomes zero.
Now robustness property is ensured if and only if sliding surface is achieved (i.e. sliding
variable becomes zero). Therefore we can conclude that boundary layer control reduces
chattering in exchange of robustness property.

Another attractive solution present in literature, to address the chattering is power rate
type reaching law.This law ensures increment in reaching speed when states are away from
sliding surface, and decreases the speed when states are closer to sliding surface, causing
reduction of chattering [6].

Therefore we incorporate power rate type reaching law with PD — SMC' law in this
section with aim to check whether this modified law provides any further improvement in
system performance.

Here sliding surface is kept same as in (5.2) i.e., S = 2Kp q. + Kp we.

Modified reaching law selected in this work is as following,

S = —K,,|S|*sgn(S) (5.21)

where K, is gain of modified reaching law and 0 < o < 1, |S|* = diag{|Sz|*,|Sy|%|5:|*},
« 1s the parameter that controls the convergence rate of the system states towards sliding

surface.

5.5.1 Control Law Design

Modified reaching law in (5.21) is used to design control law (7}.,,s701)-
From eqn (5.2) we have,

S =2Kp ¢+ Kp w. (5.22)

Now comparing (5.22) with (5.21) we get,

2Kp e + Kp We = —K,,,|S|“sgn(S)

1
= ZKPEQQWE + Kp W = —K,,,|S|*sgn(9) (using (5.6))

= KPQewe + KDJ_l[Tcontrol — We X (Jwe + hw)] = —Km|5|asgn(3) (523)
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Hence the expression of control torque for PD — S M (' with modified reaching law is given

by,
K K,
Trontrol = We X (Jwe + hy) — —= JQuwe — —2J|S|*sgn(S) (5.24)
Kp Kp

In this case 4 parameters are to be tuned namely, Kp, Kp, o, K,,,. Tuningof Kp, Kp, K,,,, «

1s discussed in section (5.8).

5.5.2 Proof of Finite Time Convergence & Stability

Finite Time Convergence & stability has been proved here for PD — SMC' law with mod-

ified reaching law.

5.5.2.1 Proof of Finite Time Convergence
Proof. For this proof, Lyapunov function is chosen as,
1 T
Vinod = 55 S (5.25)

Where S being the sliding surface used for PD — SMC' law with modified reaching law
(5.2). From eqn. (5.25),

Vinoa = STS
— Vioa = ST(—K,|S|%sgn(S)) (using (5.21)) (5.26)

IF K,, > 0, then the diagonal matrix K,,|S|* is a positive definite. Hence from (5.26),

using properties of quadratic function we get,

Vmod S _HS”1
- Vmod < _”8”2
— Vioa < —V2VZ.  (using (5.25)) (5.27)
Therefore,
Vinod +V2V2,, <0 (5.28)

Again from finite time convergence lemma 1 , it can be inferred that sliding surface is

achieved in finite time. O
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5.5.2.2 Proof of Stability

Proof. For the stability proof, same steps need to be followed as discussed in previous
case (PD — SM(C') and finally it can be shown that the system is asymptotically stable.
Therefore, the steps for the proof is not discussed here again. [

5.5.3 Calculation of Reaching Time

Denote V,,,,q (as defined in (5.25)) by V5 for simplicity and also say V5 at t=0 be V5(S;) and
treach b€ the reaching time. Then from (5.28) it follows,

. 1
Va < —V2Vj)
treach 1 tre,g,ch
— / V, 2dVa < —V2 / dt
0 0
- —2 ‘/Q(SO) S _\/étreach
- treach < 2‘/2(50) (529)

Hence expression for maximum reaching time is given by,

— \/2V5(So) (5.30)

max

Zfreach

5.6 Fractional Order PD Sliding Mode Controller(PD” — SMC)

Fractional order non linear controller laws are proposed here in this work. The main aim of
such design is to testify the effect of fractional operator over the sliding mode control law.
Design of PD? — SMC is similar to conventional SMC design. Therefore design of
PDP — SMC consists of two stages namely,

(1) Design of Sliding Surface

(ii) Design of control law which makes system states attracted to the surface.

5.6.1 Sliding Surface Design

Design of sliding variable is followed from PD? control law for satellite attitude control.
Therefore,
S =2Kp q. + KpDPuw, (5.31)
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In the above eqn., Kp, Kp are the gain values of PDP? controller and D? indicates Caputo

fractional derivative operator of order [3.

5.6.2 Control Law Design

Similar to PD — SMC' law design,here also control law design is followed from design of

equivalent control law u., and then discontinuous law(tg;scont)-

5.6.2.1 Equivalent Control Law Design (u.4)

Similar to PD-SMC, here also u,., is derived by differentiating eqn. 5.31 w.r.t time and

equating the derivative to 0.

S = 2Kpg. + KpDPW. =0
— 2KP.%Q6% + KpDPuw, =0 (using (5.6))
— KpQewe + KpDPJ ey — we X (Jwe + hy)] = 0
— KpDPJ  uey — we X (Jwe + hy)] = —KpQewe
— Ueg = We X (JWe + hy) — %JD‘ﬁQewe (5.32)

5.6.2.2 Discontinuous Control Law Design (ug;scont)

Discontinuous part of control law is selected as following,
Udiscont = —K D™ sgn(S) (5.33)

Where k; is the gain of discontinuous control law.
Hence From eqns. (5.3),(5.32) & (5.33), we get the expression of net control torque as
below,

Teontrol = We X (Jwe + hy) — ——JDPQuw. — KD Psgn(9) (5.34)

Where Kp, Kp, Ky, B are the parameters to be designed. Method of design of this param-
eters is similar to Kp, Kp, K for PD — SMC. Design procedure of these parameters is

discussed in section (5.8).
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5.6.3 Proof of Finite Time Convergence & Stability

Finite time convergence towards sliding surface & stability in case of PD? — SMC' law,

are proved here.

5.6.3.1 Proof of Finite time Convergence

Proof. In this case, Lyapunov function used is chosen same as (5.11),

1
Veps_sme = ESTJS (5.35)

Where S is the sliding surface for PD? — SMC law,as described by eqn. (5.31).

Now differentiating Vpps_garc W.I.t time we get,

R
_ KLDSTJ(KPQE% b KpD? T Toomtror + T — o X (e + b))
(using (5.31))

— KLDSTJ(KPQQ% + KpDP J Mwe x (Jwe + hy)] — %JDﬁQewe

—~K;D Psgn(S) + Ty — we x (Jwe + hy)]) (using (5.34))
- KLDSTJ(KPQQ% + KDDBJ—l[—%JD—BQewe — KyD Psgn(S) + Ty))
— KLDKDSTJJ*Dﬁ(Td — KD Psgn(9))
= —ST(Ksgn(S) — D°Ty) (5.36)

If K is positive scalar such that K; > || D”T]|«. Then from eqn. (5.36),

Veps_sue < —[1S1|1
= Vpps_sue < —[5]|2
2Kp

) rossue (fomG3%) - (537)

IN

= Vpps_suc

2Kp
)\maz (J)

Let, ny = , then (5.37) simplifies to,

Veps—sare + 01V syo <0 (5.38)
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Using eqn. (5.38), finite time convergence to sliding surface is confirmed when PD? —
SMC control law is used [43]. O

5.6.4 Proof of Stability

Before we prove stability, a theorem has been, which is basically modification of Lyapunov

stability theorem for fractional order systems [49].

Theorem 5.2. Let x=0 be an equilibrium point for a fractional order system and U C R"
be a domain containing the origin. Let V (t,x(t))) : [0,00) x U — R be a continuously
differentiable function and locally Lipschitz with respect to x such that

Loaiz| < V(E, (1) < aofz||
2. DUV (tx(t) <0

Where o, v are positive constants . Then x = 0 is asymptotically stable for any ||xo|| < v

(xo being the initial value of x)

Proof. Stability is proved by making S equals to 0.

Hence from eqn. (5.31) we get,

2Kp
_ Db
— We KD de
— w= P g (n)dr (5.39)
Kp I'(8) Jo =) aelr)

Taking the following inequality, ¢.(t) < ¢.(0) into account, eqn. (5.39) can be further

simplified as,

C2Kpq.(0) [T, s
we < —KDF(6> /O(t )" dT
. 2[(P qe(o) ﬁ

— We < ————~ (5.40)
Kpl(B)
Now consider Lyapunov function be,
1 T
Vafrae = 54 Qe (5.41)
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Applying fractional derivative operator D” on both sides of eqn. (5.41) ,

DB‘/quaC = Dﬁil(ng.e)
1

- §D5_1(quQewe) (using 5.6)
__ Er s 3 :
< ol @ Qa0)  (wing G40)  (542)

Now consider the following inequality

¢e Qeqe(0) < Gea(0) |1 (0) (5.43)

Also consider the following property of fractional derivative,
DYz —a)) = ————(x —a)"™® (5.44)

where z is the variable and « is constant.

If we substitute « = 3 — 1, v = 3, a = 0 and also replace x by ¢ in eqn. (5.44), we get

s 1,08 L(1L+B)
D= "5
— D)=+t (5.45)

Finally using (5.43), (5.45) in eqn. (5.42) we get,

< —ﬁfmm-%mowqe(mW»
 Kp qea(0)]lge(0)]1?
- Kp BT(B)
_KP Qe4(O>qu(0)H2
B Kp BT(B)

D/B‘/qfrac

DPH(t7))

(B4 1)t (5.46)

Therefore,
D? Vifrae <0 (considering g.4 > 0) (5.47)

So, V rac satisfies the following:

1. Vi frqe (function of ¢g.) is continuously differentiable and satisfies Liptschitz’s condi-

tion locally such that, V, 4. < ||gc||

2. DPVyprae < 0O with 0 < 8 < 1
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By using theorem 5.2, ¢, = [0,0,0]” is proven to be asymptotically stable for any
lg(0)]] < 1. Hence g, asymptotically converges to [0, 0, 0] O

5.6.5 Calculation of Reaching Time:

Consider the reaching time to be t,...;,. Denote the Lyapuonv function Vpps_gac by Vs

for simplicity in notation. Also consider, V3 at t=0 be V3(Sy). Now from eqn. (5.38),

Vs < =y Vi
treach 1 treach
RN / V, 2dVs < -y / dt
0 0
- -2 %(SO) < _nftreach
2
= lreach < —V/V3(5) (5.48)
nf
D

.where n; = as defined in (5.38). Hence expression for maximum reaching

)\max (J)

time is given by,

2
treach = 77_f V VE’)(SO) (549)
Putting value of 7); in (5.49),
2
treach - \/K_()\max(t]))‘/?)(SO) (550)
max D

5.7 PD?"-SMC with Modified Reaching Law

PDPA-SMC law designed in the previous section, is affected by chattering effect. Therefore
in this section PD? — SMC' law is modified using power rate type reaching law, similar
to PD — SMC case. Apart from checking the alleviation from chattering, the aim of this
design is also to test whether this control law provides any other improvement in closed

loop performance.
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5.7.1 Sliding Surface Design

Here sliding surface is chosen same as in (5.31) i.e. S = 2Kp q. + KpD"w.,.

Also the modified reaching law is similar to the reaching law proposed in (5.21),
S = —K,ns|S|*sgn(S) (5.51)

Where K, is gain of modified reaching law.

5.7.2 Control Law Design

For design of control law, derivative of .S (from (5.31)) is compared to (5.51) and we get,

1
2Kp.§Qewe + KpDPw, = — K| S|*sgn(S) (using (5.6))
KPQewe + KDDBJ_I[Tcont'r'ol — We X (Jwe + hw)] = - mf|S|asgn(S>
KDJ_IDﬁ[Tcontrol — We X (Jwe + hw)] = _KPQewe - Kmf|S|asgn(S)

I

K K,,
Tcontrol = We X (Jwe + hw) - K_ZJD_BQCWE - K—;JD_’B(|S|QSQ7’L(S))
(5.52)

Above expression of control law has 5 parameters to be designed namely, Kp, Kp,K,,,

«, (3, which has been discussed in section (5.8).

5.7.3 Proof of Finite Time Convergence & Stability

Finite time convergence & stability for PD? — SMC with modified reaching law, are

provided in this subsection.

Proof. To prove Finite Time Convergence, Lyapunov function chosen here(same as (5.25))
1s, ,
Vfrac—mod = §STS (553)

where S is same as sliding surface designed for PD? — SMC law (5.31). Following the
same steps for proving finite time convergence(as done in previous cases), we differentiate

Virac—mod W.I.t time and it follows as,

Vfrac—mod = STS
— Viacomod = ST(=Kpns|S|®sgn(S)) ( from (5.51)) (5.54)
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Now K,,¢|S| is a positive definite diagonal matrix if K,y > 0. Hence from (5.54) using

quadratic function properties,

Vfrac—mod S - ||S||1
- Vfracfmod < - ”SH2
. 1
— Vfracfmod < _\/ivfiac—mad (USing (553)) (5.55)

Therefore,
. 1
Virae—mod + V2V7 <0 (5.56)

frac—mod —

Hence, by using lemma of [43], finite time convergence towards sliding surface (S) is

confirmed. O]

5.7.4 Proof of Stability

Proof. The sliding surface for this control law being same to eqn. (5.31), the stability
proof is same as stability proof for PD? — SMC control law . So, the stability proof is not

repeated for this control structure. [

5.7.5 Calculation of Reaching Time

Reaching time calculation method is similar to previous control designs.
Suppose, the reaching time for the reaching the sliding surface be denoted by ?,...;. Let
the Lyapunov function Vi,..—moq be denoted by V. Also let, value of Lyapunov function
at t=0 be denoted by V,(Sy). Therefore eqn. (5.56) can be simplified as,

Vi < —V2Vp
treach 1 t’reach
= / V, 2dVi < —V2 / dt
0 0
— -2 ‘/4(50) S _ﬁtreach
- Lreach < 2‘/;1(50) (557)

Hence expression for maximum reaching time is given by,

— \/2Vi(So) (5.58)
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5.8 Tuning of Parameters

Each of the above control laws has certain parameters to be tuned. A general optimization
procedure has been proposed in this work for tuning the parameters of each type of control

law. The optimization problem is formulated below:
3 3 3
minimize CyY" / Howea (o, )]+ C1 S / T2 i, )t £+ Cy 3 / W2 (2, 1) dt
‘ i=1 7t i=1 7t i=1 7t

3
+C’32/t|qei(x,t)|dt
i=1 71t
(5.59)

i = 1(.)3 denoting 3 axes considered in this work.

It can be noticed that above optimization problem is unconstrained in nature with objec-
tive function being linear combination of 3 types of performance indices namely, Control
Effort, Integral Time Absolute Error (ITAE), Integral Square Error (ISE).

As ws 1s the main variable to be controlled in our problem, hence both ISE and ITAE per-
formance indices are considered w.r.t w,, to control both transient and steady state portion
of the response. For ¢., only steady state performance index (ITAE) is chosen considering
that there is no large variation during transient state of ¢.. Again power consumption by
various subsystems of satellite, is another crucial factor to be optimized. Here control effort
performance index is chosen to minimize the power consumption of Satellite ADCS.
However only control effort index minimization will not ensure transient or steady state
improvement. Similarly ISE or ITAE will not directly help in minimization of consumed
power. Hence it is obvious to consider combination of all performance indices to take
advantage of each of them.

The coefficients Cy, C'y, Cy, C5 are the weights of respective performance indices. Weights
need to be designed depending on importance given to the respective performance indices,
such that Z?:o C;=1.

Depending on control law, structure of x will vary. For example, PD — SMC' con-
trol law 3 parameters need to be tuned namely, + = [Kp, Kp, K|. PD? — SMC has 4
parameters to be tuned namely, z = [Kp, Kp, Ky, f].

Now,control algorithms with modified reaching law namely P D — S M C' with modified
Reaching Law and P D? —S M C with modified Reaching Law has 4 (Kp, Kp, K,,, o) and 5

(Kp,Kp, K.y, 3, ) parameters to be tuned respectively. Except a remaining parameters
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of PD — SMC with modified Reaching Law and PD® — SMC' with modified Reaching
Law control laws namely, x = [Kp, Kp, K,,,], and x = [Kp, Kp, K,,s, (] respectively, are
to be tuned via optimization procedure discussed above. But o cannot be any number, it

has crucial role in power rate type reaching law. Choice of « is discussed in next chapter.
(6.3.2.1).

5.9 Summary

In this chapter, various sliding mode based non linear control laws are proposed to ensure
better disturbance rejection and enhanced robustness. The control laws include both integer
and fractional order control (FOC) namely, PD — SMC and PD? — SMC' . To alleviate
chattering problem, sliding mode control laws with power rate based reaching law are also
proposed in this chapter. Finite time convergence and stability in proved for each of the non
linear controllers. Finally a general optimization procedure has been proposed for tuning

all of these controllers.
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Chapter 6

Simulation Results and Performance

Analysis

6.1 Introduction

In this chapter, open loop response of satellite is obtained first. Satellite model is devel-
oped for a given data set, on the basis of theories discussed in chapter 2 & 3. Thereafter
gain values of controllers (both linear and non linear) are obtained for a given data set of
satellite, following the optimization method described in chapter 4 & 5. Finally different
control algorithms are tested on the satellite model and corresponding performance indices

evaluated and compared.

6.2 Open Loop Response

Parameters Value

Initial quaternion [0.5 0.5 0.5 0.5]
Initial angular velocity [0.02 —0.07 0.05]
Desired quaternion 000 1]
Desired angular velocity [0 0 0]
Inertia matrix of the satellite diag{50, 75,100}
Inertia matrix of reaction wheel 0.7259 x 107 %155
Time constant of the reaction wheel 100ms

Table 6.1: Parameters for Open Loop Simulation

The simulation parameters for the open loop simulation is tabulated in Table 6.1
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Plot of Quaternion

=
o

Quaternion
]

=
wn

0 2 40 60 $ 100 120 M0 160 180 200
Time(seconds)

Figure 6.1: Quaternion Response for Open Loop Simulation

The attitude of satellite and its angular velocity for the open loop system is shown in

Figures 6.1 and 6.2 respectively. It is observed that the angular velocity has increasing

trend with time and the quaternion response is continuously oscillating. It indicates the

system to be unstable.

Hence it justified that controller is required for stabilizing the system and to provide the

desired responses.

Plot of Angular Veloctiy of Satellite
I I I I I

— [ (58] EeN

Angular Veloctiy(rad/s)

—

=
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>
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Figure 6.2: Angular Velocity Response for Open Loop Simulation
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6.3 Optimization of Controller Gain

Open loop response showed above clearly indicates the requirement of controller. Now for

designing controller, optimization methods proposed in chapter 4 & 5, are followed, and

gain values of controllers are obtained, for the satellite parameters shown in 6.1.

6.3.1 Optimization of Linear Controllers

Linear controllers namely PD & PD?, are designed solving the optimization problems

formulated in chapter 4. As specified earlier gain cross over frequency (w,.), and phase

margin upper limit (¢,,) are chosen as 1 rad/s and 80° respectively.
MATLAB optimization tool fmincon is used for solving the optimization problem for both

PD and PD?” control algorithms. optimization results are listed below:

6.3.1.1 PD controller

In case of P D controller, optimization result is as following:

e Kp = diag{16.6086;20.9914; 43.3096}

o Kp = diag{99.0545;149.493; 196.867}

e Objective function, ||(t)]|3=382.8 (for simulation duration 200 sec)

Magnitude (dB)

Phase (deg)

Bode Diagram

From: In{1) To: g2

L —
System: untitled 1
Phase Margin (deg): 74.8
Delay Margin (sec): 1.3
At frequency (radis): 1
Closed loop stable? MNo

o1 100 10" 102

Frequency (rad/s)

Figure 6.3: Bode plot for X axis transfer function
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Bode Diagram
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Bode Diagram
NN From: In(1) To: g4
A LR
o T
Z 100 | it .
T T =
=
= b, S
=D O = o — — -
o - e - FALEH
= = i
-100 -
S0
_’_/_\\ System: unti_tled 1
= i P ot . Phase Margin (deg): ¥1.9
ﬁ o My Drelay Margin (sec): 1.25
O \ At frequency (radis): 1
& | Closed loop stable? Mo
= a0 |
o I| ,.--”"__!7 Tl
kil s I e 1
-180 el | —
1074 10°% 10° 102

Freguency (rad/s)

Figure 6.5: Bode plot for Z axis transfer function

Figures 6.3.6.4.6.5 shows the bode plot of linearized plant along with the designed PD
controller (as discussed earlier linearized satellite model contains 3 transfer function along
3 axes). It can be seen that all the constraints posed in the optimization of PD controller
namely, w,. = 1 rad/s and phase margin < ¢,, , are satisfied (along each axis) by using the
optimized controller.

6.3.1.2 PD?” Controller

In case of PD” controller, Isodamping condition is considered as 3"¢ condition apart from

gain cross over frequency and phase margin constraints. Optimization result is listed below:
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Kp = diag{16.608;20.99; 43.309}

Kp = diag{99.05; 149.5; 196.8}

8 = [0.7439; 0.8120; 0.6632]”

Objective function, ||u(t)]|3=428.5 (for simulation duration 200 sec)
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Figure 6.6: Bode plot for X axis transfer function
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Figure 6.7: Bode plot for Y axis transfer function
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Bode Diagram
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Figure 6.8: Bode plot for Z axis transfer function

Figures 6.6.6.7.6.8 shows the bode plot of linearized plant along with the designed
PDP? controller. Like PD controller case, here also optimized controller satisfies all the

constraints posed namely, w,.=1 rad/s, phase margin < ¢,,, and isodamping condition.

6.3.2 Optimization of Non Linear Controller

As discussed in chapter 5, each non linear controllers has few parameters to be optimized.
For that an general structure of optimization problem is formulated(5.59). Objective func-
tion of (5.59), has 4 coefficients to be chosen namely, C,, = [Cy; C1; Cy; Cg]T. They are the
coefficient of performance indices: ITAE of w,, control effort, ISE of w., ITAE of ¢.. In
this work the coefficients are chose as,C, = [0.31;0.15;0.18; 0.36]~.

It can be seen that ITAE of ¢. and ITAE of w, are given the most and second most
preference respectively. Reason behind this is: ¢., w. should converge to zero after certain
amount of time. This is the basic requirement of attitude control problem. ITAE index
ensures that. Considering one of the aim of this work is to reduce the transient oscillation
of angular velocity, ISE of w, is also given significant weightage. Although remaining
weightage is given to control effort but it is ensured that weightage of control effort is
maintained significant compared to other coefficients. As discussed earlier, ISE of ¢, is not
included in objective function considering small amount transient oscillation of ¢..
MATLAB optimization tool fminsearch has been used to design the parameters of each
controller. Optimized parameter values of each controllers are listed in Table 6.2 with

corresponding components of objective function(for simulation duration 200 sec).
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Controller Parameters of Controller Components of Objective Function

Name Gain Control

Kp Kp B (Kor K, or | ITAE, ISE, | ITAE,
Effort
Kf or Kmf)

PD -SMC 2.3997 | 12.452 | None 0.72167 21.24 3144 | 0.1082 | 137.27
PD_S.MC 2.53382 | 10.3046 | None 0.21542 11.64 39.18 | 0.1159 | 43.639
modified

PDP

SMC 2.3811 | 22.6834 | 0.001 0.6837 20.96 284.8 | 0.1216 | 120.09

PD? 2.2807 | 25.0744 | 0.001 0.5374 12.23 42.53 | 0.1214 | 43.8920

SMC modified ' ’ ' ’ ' ’ ’ ’

Table 6.2: Optimization Results for Non linear Controllers

6.3.2.1 Choice of o

Here we discuss design method of power coefficient (o) of control laws (PD — SMC' with
modified Reaching Law & PD? — SMC with modified Reaching Law), having power rate
type reaching law.

As described earlier, for higher values of «, power rate type reaching law ensures incre-
ment in reaching speed when states are away from sliding surface, and decrement in speed
when states are closer to sliding surface, causing reduction of chattering.This property nat-
urally supports for choice of larger values of «. Again it has been observed that, if value of
« is chosen near 1,then sliding motion phase may even be skipped by system states and it
directly effects on robustness property[6] of the system.

derivative of S

Figure 6.9: Variation of derivative of S with S for power rate type reaching law [6]
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Figure 6.9. of S vs. S for different o [6], is helpful to choose proper value of alpha

such that chattering effect is removed, at the same time sliding motion is also not avoided,

hence ensuring the robustness property.

e « is chosen 0.5 for both modified reaching law problems in this work.

6.4 Close Loop Response

Under this section, first linear controllers response are given, followed by response of non

linear controllers.

6.4.1 Simulation Results for Linear Controller

Response of PD and PD? controllers are discussed here.

6.4.1.1

PD Controller Response

Parameters

Value

Initial quaternion

05 05 05 0.5

Initial angular velocity

0.02 — 0.07 0.05]

Desired quaternion

000 1]

Desired angular velocity

00 0]

Inertia matrix of the satellite

diag[50, 75, 100]

Inertia matrix of reaction wheel

0.7259 x 1074 I35

Time constant of the reaction wheel

100ms

Proportional Gain matrix, K,

diag{16.6086;20.9914; 43.3096 }

Derivative Gain matrix, K,

diag{99.0545; 149.493; 196.867 }

Table 6.3: Parameters for PD Controller
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Case 1 : Simulations without Disturbances

The simulation results of the attitude control problem with PD controller is shown from
Figure 6.10 to Figure 6.12.

Plot of Angular Veloctiy of Satellite
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Figure 6.10: Angular Velocity Response with PD Controller

Plot of Quaternion
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Figure 6.11: Quaternion Response with PD Controller

From the simulation results, it is observed that the angular velocity and attitude quater-
nion converges to the desired value with the PD controller designed. However the response
of control torque signal provided by the PD controller is large enough to exceed the limits

of practical reaction wheels and hence saturation is essential in the output of the controller.

1IST 83 Avionics Dept.



CHAPTER 6. SIMULATION RESULTS AND PERFORMANCE

ANALYSIS
" Plot of Control Torque
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Figure 6.12: Control Torque Response with PD Controller

Case 2 : Simulations with Disturbances

For checking the disturbance rejection capability of the PD controller, a random distur-
bance is added to satellite dynamics, in between 60 sec to 120 sec. Figure 6.13/to Figure
6.15 shows the angular velocity response, quaternion response and control torque for the
designed PD controller. It is noted that the designed PD controller has got poor disturbance

rejection capability.

Plot of Angular Veloctiy of Satellite
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Figure 6.13: Angular Velocity Response with PD Controller in presence of Disturbance
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Plot of Quaternion
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Figure 6.14: Quaternion Response with PD Controller in presence of Disturbance
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Figure 6.15: Control Torque Response with PD Controller in presence of Disturbance

Case 3: Simulation with Inertia Matrix Perturbation

To check the robustness of the controller,inertia matrix of satellite is perturbed at t=120 sec
and it is checked whether satellite is able to withstand that perturbation. The simulation is
performed with 40% and 60% perturbation in inertia matrix at 50 sec and the corresponding
responses are shown in Figure 6.25(a), 6.25(b). It is seen that the designed PD controller

provides robustness against inertia uncertainty.
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Case 4 : Simulations with Control Input saturation

In this work, it is considered that maximum control signal that can be provided to reaction

wheel is of the limit + 1 Nm. Therefore control torque provided by the PD controller shown
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in Figure 6.12 exceeds the limits of the reaction wheel and hence saturation is introduced

at the output of the controller.

The simulation carried out with control input(of reaction wheel) saturation, is shown
from Figure 6.16 to Figure 6.18. From the figures it is observed that the settling time for
the quaternion, angular velocity and control torque increased from 9.748 sec to 27.36 sec.
As saturation block limits the error correction therefore it takes more time to settle to the

given reference.
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Figure 6.16: Angular Velocity with Control Input Saturation for PD Controller
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Figure 6.17: Quaternion Response with Control Input Saturation for PD Controller
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Figure 6.18: Control Torque with Control Input Saturation for PD Controller

6.4.1.2 PD?” Controller

Now simulation results for PD? control law is discussed.

Parameters Value

Initial quaternion 0.5 0.5 0.5 0.5]
Initial angular velocity [0.02 —0.07 0.05]
Desired quaternion 000 1]
Desired angular velocity [0 0 0]

Inertia matrix of the satellite diag[50, 75, 100]
Inertia matrix of reaction wheel 0.7259 x 1074155
Time constant of the reaction wheel 100ms
Proportional Gain matrix, diag{16.608;20.99;43.309}
Derivative Gain matrix, K, diag{99.05; 149.5; 196.8}
Fractional Order, (3 [0.7439; 0.8120; 0.6632]

Table 6.4: Parameters for P D? Controller

1IST 88 Avionics Dept.



CHAPTER 6. SIMULATION RESULTS AND PERFORMANCE
ANALYSIS

Case 1 : Simulations without Disturbances

Simulation results with P.D? controller are shown from Figure 6.19 to Figure 6.21. From
the simulation results, it can be observed that the angular velocity and attitude quaternion
converges to the desired value with the designed PD” controller. Like PD controller, here
also the control torque provided by the PD” controller exceeds the limits of the reaction

wheel and hence saturation is necessary in the output of the controller.
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Figure 6.19: Angular Velocity Response with P D? Controller
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Figure 6.20: Quaternion Response with P D” Controller
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Figure 6.21: Control Torque Response with PD? Controller

Case 2 Simulations with Disturbances

PD? controller is tested against a random disturbance, introduced between 60 sec to 120
sec. Figure 6.22 to Figure 6.24 shows the angular velocity response, quaternion response
and control torque response for the PD? controller designed . Like PD controller, PD”?

controller, PD? controller also has poor disturbance rejection capability.
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Figure 6.22: Angular Velocity Response with P D Controller in presence of Disturbance
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Figure 6.23: Quaternion Response with P D® Controller in presence of Disturbance
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Figure 6.24: Control Torque with PD? Controller in presence of Disturbance

Case 3: Simulation with Inertia Matrix Perturbation

To check the robustness of the controller, the simulation is performed with 40% and 60%
perturbation in inertia matrix at 50 sec which is shown in Figure 6.25(a) and 6.25(b). It
can be observed that the designed PD controller provides robustness against inertia matrix

uncertainty.
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Figure 6.25: Responses with PD? Controller in presence of Inertia Matrix Perturbation
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Case 4 : Simulations with Control Input saturation

As seen in the case of simulation with no disturbance, upper limit of control torque exceeds
the limit of the reaction wheel, which indicates the need of saturating the control torque
signal applied to the reaction wheels.

Here simulation is performed with control input saturation of £ 1 Nm, as shown from
Figure 6.26 to Figure 6.28. From those figures, it can be noticed that the settling time for
the quaternion, angular velocity and control torque increased from 9.272 sec to 25.37 sec

due to the introduction of saturation in the control torque.
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Figure 6.26: Angular Velocity with Control Input Saturation for PD? Controller
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Figure 6.27: Quaternion Response with Control Input Saturation for P D” Controller
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Figure 6.28: Control Torque Response with Control Input Saturation for P D? Controller

Therefore it can be observed from simulations of linear controller that, controllers

are able to achieve the desired attitude and angular velocity. They also show robustness in

terms of inertia matrix perturbation. But none of the linear controller shows good distur-

bance rejection property.

6.4.2 Simulation Results for Nonlinear Controller

6.4.2.1 Response of PD-SMC Controller

Parameters

Value

Initial quaternion

05 05 0.5 0.5]

Initial angular velocity

0.02 — 0.07 0.05]

Desired quaternion

000 1]

Desired angular velocity

00 0]

Inertia matrix of the satellite

diag[50, 75, 100]

Inertia matrix of reaction wheel

0.7259 x 1074]3><3

Time constant of the reaction wheel 100ms
Value of Kp 2.3997
Value of Kp 12.452
Positive scalar, K 0.72167

Table 6.5: Parameters for PD-SMC Controller
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Case 1: Simulations without Disturbance
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Figure 6.29: Angular Velocity and Quaternion Responses with PD-SMC
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Figure 6.30: Control Torque and Sliding Variable Responses with PD-SMC
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The simulation results of satellite attitude control problem with PD-sliding mode controller
is shown in Figure 6.29 and Figure 6.30. The results shows that the desired attitude and
angular velocity is attained within 30 seconds. The control torque required to control the
satellite system switches between 2 Nm and —2 Nm. Chattering effect is visible in control
torque response, which is the main disadvantage of sliding mode based control. Removal

of chattering is discussed later.

Case 2: Simulations with Disturbance
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Figure 6.31: Angular Velocity and Quaternion with PD-SMC in presence of Disturbances

To check the disturbance rejection capability of PD-SMC, a random disturbance is intro-
duced to the system during 60 sec to 120 sec. The simulation results are shown in Figure
6.31 and Figure 6.32. The effect of disturbance is negligible in the quaternion and angular
velocity responses. i.e., PD-SMC has shown good disturbance rejection capability.

The zoomed view of disturbance in Figure 6.32 is shown in Figure 6.33 and it is ob-
served that the control torque and sliding variable changes their values to balance the satel-

lite in presence of the disturbance.

1IST 96 Avionics Dept.



CHAPTER 6. SIMULATION RESULTS AND PERFORMANCE
ANALYSIS

Plot of Control Torque
I I

Control Torque(Nm)
=

1
2 | | | | | | |
2 4 60 . 80 100 120 140
Time(seconds)
) Plot of Sliding Variable
l l I
2 —5
) —
=
2 oD
g
2 1 | | | | | | |
20 40 60 80 100 120 140
Time(seconds)

Figure 6.32: Control Torque and Sliding Variable with PD-SMC in presence of Distur-
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Figure 6.33: Zoomed View of Effect of Disturbance in PD-SMC
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Case 3: Simulations with Inertia Matrix Perturbation

To check the robustness of the controller, inertia matrix of satellite is perturbed by 40%
and 60% during t = 50 sec, as shown in Figure 6.34(a) and 6.34(b). From the simulation

results it is observed that the designed PD-SMC is robust against inertia uncertainty.
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Figure 6.34: Responses of PD-SMC in presence of Inertia Matrix Perturbation
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Case 4: Simulations with Saturation function
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Figure 6.35: Angular Velocity and Quaternion with Saturation Function in PD-SMC
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Figure 6.36: Control Torque and Sliding Variable with Saturation Function in PD-SMC

1IST 99 Avionics Dept.



CHAPTER 6. SIMULATION RESULTS AND PERFORMANCE
ANALYSIS

As discussed in chapter 5, signum function(switching operation) causes the high frequency
oscillation or chattering in case of SMC based control.

Therefore, to avoid the chattering, the signum function in the control signal is replaced
with saturation function and the corresponding results are shown in Figure 6.35 and Fig-
ure 6.36. The results shows that the chattering effect is completely eliminated due to the

introduction of saturation function.

Case 5 : Simulations with Control Input saturation

Even though chattering is removed by using saturation function, but range of control input
to reaction wheel is still beyond the limits of reaction wheel.
To solve that problem, output of controller is saturated(saturation level = 1 Nm) before the

reaction wheel.
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Figure 6.37: Angular Velocity and Quaternion with Control Input Saturation

From the simulation Figure 6.37 to Figure 6.38, it can be noticed that the settling time
for the quaternion, angular velocity and control torque increased from 24.36 sec to 25.29

sec due to the introduction of saturation in the control torque.
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Figure 6.38: Control Torque and Sliding Variable with Control Input Saturation

6.4.2.2 Response of PD-SMC Controller with Modified Reaching Law

As discussed in chapter 5, Chattering effect is expected for SMC based control law. Bound-

ary layer control (for example, saturation function used in this work) is one solution. But

disadvantage of boundary layer control is that is reduces robustness property of the con-

troller. Therefore power rate type reaching law is proposed in chapter 5, as an alternative

to alleviate chattering.

Parameters

Value

Initial quaternion

05 05 0.5 0.5]

Initial angular velocity

0.02 — 0.07 0.05]

Desired quaternion

000 1]

Desired angular velocity

00 0]

Inertia matrix of the satellite

diag[50, 75, 100]

Inertia matrix of reaction wheel

0.7259 x 1074]3><3

Time constant of the reaction wheel 100ms
Value of Kp 2.53382
Value of Kp 10.304605
Positive scalar, K,, 0.21542

Table 6.6: Parameters for PD-SMC Controller with modified Reaching Law
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Case 1: Simulations without Disturbance
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Figure 6.39: Angular Velocity and Quaternion Responses of Modified PD-SMC
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Figure 6.40: Control Torque and Sliding Variable Responses of Modified PD-SMC
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The simulation results of PD-sliding mode controller with modified reaching law, is shown
in Figure 6.39 and Figure 6.40. The results shows that the desired attitude and angular
velocity is attained within 12.54 seconds. Control torque is limited between 2 Nm and —4
Nm. Most importantly, Chattering effect is alleviated, which is the main advantage of this

modified control law.

Case 2: Simulations with Disturbance
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Figure 6.41: Angular Velocity and Quaternion Responses of Modified PD-SMC
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Figure 6.42: Control Torque and Sliding Variable Responses of Modified PD-SMC
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A random disturbance is introduced to the system in between 60 sec to 120 sec to check
disturbance rejection capability of the system. The simulation results are shown in Figure
6.41 and Figure 6.42. Like PD-SMC, here also the effect of disturbance is negligible in an-
gular velocity and quaternion responses, which proves the disturbance rejection capability
of ‘PD-SMC with modified reaching law’.

Case 3: Simulations with Inertia Matrix Perturbation
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Figure 6.43: Responses of Modified PD-SMC in presence of Inertia Matrix Perturbation
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For the verification the robustness of the controller, inertia matrix of satellite is perturbed
by 40% and 60% during ¢ = 50 sec, as shown in Figure 6.43(a) and 6.43(b). From the
simulation results it is observed that our designed Controller shows robustness property

against inertia perturbation.

Case 4 : Simulations with Control Input saturation

0.1

Plot of Angular Veloctiy of Satellite
I I I

0.1

/?—

-0.2

Angular Veloctiy (rad/sec)
>
é{

0.5

0.5

Time(seconds)

X: 18.03 wy
Y: -0.02 |
I I I I I
10 20 . 30 40 50 60
Time(seconds)
Plot of Quaternion
I I 1
o —ql(sin term)
=} .
é —qz(sm term) |_|
g qs(sin term)
®
é 0- ee— —q,(cos term)
| | | | | |
10 20 30 40 50 60

Figure 6.44: Angular Velocity and Quaternion Responses with Modified PD-SMC

Plot of Control Torque
"E\ 1 T T T
< s |
% ’ _Tc2
i
50 Ta
§ 0.5 -
=
(S 1 I I I I | |
10 20 .30 40 50 60
Time(seconds)

. Plot of Sliding Variable
2 T T s‘
E 1
S |
o0 S,
S ok g
=t
7

1 I I I I I I

10

20 30 40
Time(seconds)
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In case of Modified PD-SMC, range of control torque signal as seen in Figure 6.40, is
beyond the limits of reaction wheel. This problem is solved by saturating(saturation level

4 1 Nm) the controller output.

From Figure 6.44 to Figure 6.45, it can be observed that, control torque is saturated
between + 1 Nm but it happens in cost of increment of settling time for the quaternion,

angular velocity and control torque from 12.54 sec to 18.03 sec .

e From the discussion of chapter 5 on fractional controller, it can be found that frac-
tional controllers have certain advantages in terms of performance compared to inte-

ger order controller.

In the next two sections, fractional controllers (P D?-SMC and PD? -SMC with modified
reaching law) responses are discussed, and the results will be finally compared to integer
controllers to find out best control algorithm (in terms of performance specifications) for

this problem of attitude control of satellite.

6.4.2.3 Response of PD?-SMC

Parameters Value
Initial quaternion 0.5 0.5 0.5 0.5]
Initial angular velocity [0.02 —0.07 0.05]
Desired quaternion 000 1]
Desired angular velocity [0 0 0]
Inertia matrix of the satellite diag[50, 75, 100]
Inertia matrix of reaction wheel 0.7259 x 1074155
Time constant of the reaction wheel 100ms
Value of Kp 2..3811
Value of Kp 22.6834
Value of 3 0.001
Positive scalar, Ky 0.6837

Table 6.7: Parameters for PD? — SMC' Controller
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Case 1: Simulations without Disturbance
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Figure 6.46: Angular Velocity and Quaternion Responses with P D?-SMC
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Simulation results of satellite attitude control problem with P D?-sliding mode controller
is shown in Figure 6.46 and Figure 6.47. The results shows that the desired attitude and
angular velocity is attained within 25 seconds. The control torque required to control the
satellite system switches between 1.5 Nm and —1.5 Nm. Like PD-SMC, here also Chatter-

ing effect is visible in control torque response. Removal of chattering is discussed later.

Case 2: Simulations with Disturbance
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Figure 6.48: Angular Velocity and Quaternion with PD®-SMC in presence of Distur-
bances

Disturbance rejection capability of P D?-SMC is tested by introducing random disturbance
in between 60 sec to 120 sec. The simulation results are shown in Figure 6.48 and Figure
6.49. Disturbance effect is negligible in the quaternion and angular velocity responses. i.e.,
PDP-SMC has shown good disturbance rejection capability.

The zoomed view of response in presence of disturbance as given in Figure 6.49, is shown
in Figure 6.50 and it is observed that the control torque and sliding variable changes their

values for stabilization of satellite in presence of disturbance.
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Case 3: Simulations with Inertia Matrix Perturbation

For checking the robustness property of the controller, inertia matrix of satellite is perturbed
by 40% and 60% during ¢ = 50 sec, as shown in Figure 6.51(a) and 6.51(b). From the
simulation results it is observed that the designed PD?-SMC is robust enough against

inertia uncertainty.
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Figure 6.51: Responses of PD-SMC in presence of Inertia Matrix Perturbation
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Case 4: Simulations with Saturation function
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Figure 6.52: Angular Velocity and Quaternion with Saturation Function in P D”-SMC
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As signum function (switching operation) causes the high frequency oscillation or chatter-
ing, as found in the control torque response of PD?-SMC law.

Hence for chattering avoidance, the signum function used in the control signal is replaced
with saturation function and the corresponding results are shown in Figure 6.52 and Fig-
ure 6.53. The results shows that the chattering effect is completely eliminated due to the

introduction of saturation function.

Case 5 : Simulations with Control Input saturation

Even though chattering is removed by using saturation function, but range of control torque

signal is not in the limits of reaction wheel.

Hence, the output of controller is saturated(saturation level & 1 Nm) before providng

the signal to the reaction wheel.
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Figure 6.54: Angular Velocity and Quaternion with Control Input Saturation

From the simulation Figure 6.54 to Figure 6.55, it can be noticed that the settling time
for the quaternion, angular velocity and control torque has changed to 25.29 sec due to the

introduction of saturation in the control torque.
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Figure 6.55: Control Torque and Sliding Variable with Control Input Saturation

6.4.2.4 Response of PDP-SMC Controller with Modified Reaching Law

As the boundary layer control (for example, saturation function used in this work) method
has the disadvantage of reducing the robustness property of the controller. Hence power

rate type reaching law is considered as an alternative to alleviate chattering.

Parameters Value
Initial quaternion 0.5 0.5 0.5 0.5]
Initial angular velocity [0.02 —0.07 0.05]
Desired quaternion 000 1]
Desired angular velocity [0 0 0]
Inertia matrix of the satellite diag[50, 75, 100]
Inertia matrix of reaction wheel 0.7259 x 1074155
Time constant of the reaction wheel 100ms
Value of Kp 2.2807
Value of Kp 25.0744
Value of 8 0.001
Positive scalar, K, ¢ 0.5374

Table 6.8: Parameters for PD”-SMC Controller with modified Reaching Law
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Case 1: Simulations without Disturbance
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Figure 6.56: Angular Velocity and Quaternion Responses of Modified P D?-SMC
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The simulation results of PD”-sliding mode controller with modified reaching law, is

shown in Figure 6.56 and Figure 6.57. The results shows that the desired attitude and

angular velocity is attained within 12.57 seconds. Most importantly, Chattering problem is

solved here.

Case 2: Simulations with Disturbance
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Figure 6.59: Control Torque and Sliding Variable Responses of Modified P D?-SMC

IIST

115 Avionics Dept.



CHAPTER 6. SIMULATION RESULTS AND PERFORMANCE
ANALYSIS

Like all previous controller cases, here also random disturbance is introduced to the system
in between 60 sec to 120 sec to check disturbance rejection capability of the system. The
simulation results given in Figure 6.58 and Figure 6.59, shows that effect of disturbance is

negligible in angular velocity and quaternion responses.

Case 3: Simulations with Inertia Matrix Perturbation
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To examine the robustness of the controller, inertia matrix of satellite is perturbed by 40%
and 60% during ¢t = 50 sec, as shown in Figure 6.60(a) and 6.60(b). From the simulation
results it can be concluded that the designed Controller shows robustness property against

inertia perturbation.

Case 4 : Simulations with Control Input saturation
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Figure 6.61: Angular Velocity and Quaternion Responses with Modified P D?-SMC
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Again in case of Modified P D?-SMC, range of control torque as seen in Figure 6.57, is far
above the capability of the reaction wheel. To solve this problem, output of the controller
is passed thorugh saturation block with saturation level of + 1 Nm.

From Figure 6.61 to Figure 6.62, it can be observed that, controller output torque signal
is saturated between + 1 Nm but it happens in cost of increment of settling time for the

quaternion, angular velocity and control torque from 12.57 second to 17.68 seconds .

6.5 Comparison of different Control Laws

Controller Performance Index
Name Reaching
Control Ti
ITAE, | U | ISE, | ITAE, e
Effort (Treach )
in seconds)
Linear Controllers
PD 7.582 403.1 | 0.1382 | 22.657 | Not Applicable
PD? ‘18.86 455.7 | 0.1381 | 102.81 | Not Applicable
Non Linear Controllers
PD -SMC 21.24 314.4 | 0.1082 | 137.27 23.74
PD-SMC
11.64 39.18 | 0.1159 | 43.639 15.93
modified
PD#
20.96 284.8 | 0.1216 | 120.09 23.315
SMC
PD?
12.230 42.53 | 0.1214 | 43.829 15.8
SMC modified

Table 6.9: Comparison of Performance of Different Controllers

For the comparison of controllers, 5 performance indices are considered in this work
namely, /T AE,,, Control Effort, [SE,,, I'T' AE, and Reaching Time (7}.c,.) [only for non

linear controllers case].
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Here 7).¢.., means the maximum of the reaching time towards sliding surface, among the
all 3 axes.

Simulation has been carried out for 200 seconds and performance indices of each con-
trollers have been evaluated respectively.

From table 6.9it can be noticed that, PD controller has the least [T AFE,,, Control effort
and IT'AFE, indices in case of linear controllers. Where as, PD? has the minimum /SE,,
index. Comparing among the non linear controllers, it can be observed that PD — SMC
controller with Modified Reaching Law has the least IT'AE,,,, Control Effort, IT AE,. Sim-
ple PD-SMC law provides the least /.S F,, among all non linear controllers. The reaching

phase towards sliding surface is minimum in case of PD”-SMC controller with Modified

Reaching Law.
ITAE,
Controller - -
Normal With With Control
Condition | Saturation Function | Input Saturation
Linear Controllers
PD 7.582 Not Applicable 22.05
PD? 18.86 Not Applicable 29.08
Non Linear Controllers
PD-SMC 21.24 24.25 25.51
PD-SMC .
] 11.64 Not Applicable 18.54
modified
PDP-SMC 20.96 25.28 35.31
PDP-SMC )
) 12.23 Not Applicable 17.19
modified

Table 6.10: Effect of Control Law Modification on [T AFE,,

Table 6.9 only gives idea of controllers performance under normal condition i.e. with-
out any disturbance or saturation. As discussed earlier, all the controllers proposed in this
work have been modified by adding saturation at the output, to restrict the torque signal
from controller within the limit of reaction wheel. Also to alleviate chattering effect in
case of PD-SMC and PD”-SMC laws respectively, boundary layer control technique has
been implemented by using saturation function instead of signum function. Effect of these
modifications over each of these performance indices are investigated from Table 6.10 to
6.14.
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Control Effort
Controller - _
Normal With With Control
Condition | Saturation Function | Input Saturation
Linear Controllers
PD 403.1 Not Applicable 40.03
PD# 455.7 Not Applicable 41.36
Non Linear Controllers
PD-SMC 314.4 18.37 17.09
PD-SMC .
] 39.18 Not Applicable 27.56
modified
PDP-SMC 284.8 14.19 14.06
PDP?-SMC )
) 42.53 Not Applicable 29.04
modified

Table 6.11: Effect of Control Law Modification on Control Effort

Table 6.10 shows that IT'AF,, increases with saturation of torque input to the reaction
wheel and also when signum function is replaced by saturation function for non linear SMC

controllers case.

ISE,
Controller - -
Normal With With Control
Condition | Saturation Function | Input Saturation
Linear Controllers
PD 0.1381 Not Applicable 0.1304
PD? 0.09043 Not Applicable 0.08752
Non Linear Controllers
PD-SMC 0.1082 0.0915 0.09308
PD-SMC .
) 0.1159 Not Applicable 0.1158
modified
PDP-SMC | 0.1216 0.1272 0.1273
PDP-SMC )
) 0.1214 Not Applicable 0.1265
modified

Table 6.12: Effect of Control Law Modification on IS E,,

Also from Table 6.11 it can be observed that, non linear controllers have reduction in
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control effort compared to normal condition when saturation function is used instead of
signum function. This clearly indicates removal of chattering. Control effort of both linear
and non linear controller cases reduce with saturation of control torque input to reaction
wheel compared to normal condition.

Table 6.12 shows that /.5 F,, reduces with the control input saturation of reaction wheel
compared to normal condition for all the controllers except fractional sliding mode con-
troller. An opposite trend is seen in case of fractional sliding mode controller ( both
PD? — SMC and PD? — SMC with modified reaching law case). In fractional slid-
ing mode case I S E,, increases for the case when signum function is replaced by saturation

function and also when control input of reaction wheel is saturated.

ITAE,
Controller : _
Normal With With Control
Condition | Saturation Function | Input Saturation
Linear Controllers
PD 22.657 Not Applicable 103.428
PD# 102.81 Not Applicable 102.9
Non Linear Controllers
PD-SMC 137.27 162.75 175.59
PD-SMC )
] 43.639 Not Applicable 76.868
modified
PDS-SMC | 120.09 196.58 196.78
PDP-SMC )
) 43.829 Not Applicable 77.56
modified

Table 6.13: Effect of Control Law Modification on IT'AE,

Like ITAE,, case, [T AE, also shows the trend of increment as given in Table 6.13,
when control input to the reaction wheel saturated and also in the case when signum func-
tion of non linear controller is replaced by saturation function.

Reaching time comparison is done in Table 6.14 and it shows that reaching time in-
creases when control input to reaction wheel is saturated. Also it has been already seen that
replacement of signum function by saturation fuction causes reduction of control effort
for both PD-SMC and PD? case. But from the table 6.14 it is clear that replacement of
signum function by saturation function leads to increment in reaching time, which directly

effects the robustness property of the controllers.
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ANALYSIS
Reaching Time (7}cqcn)
Controller i _
Normal With With Control
Condition | Saturation Function | Input Saturation
PD-SMC 23.74 44 44.78
PD-SMC .
) 15.93 Not Applicable 21.11
modified
PDA-SMC | 23.315 54.5 54.607
PD?A-SMC .
) 15.8 Not Applicable 20.756
modified

Table 6.14: Effect of Control Law Modification on Reaching Time

It is clear that, controller with one of the performance indices as minimum, may not
have other performance indices also minimum. For example, Modified PD-SMC con-
troller has the least control effort among all non linear controllers, where as modified
PDP-SMC has minimum reaching time among them. Therefore a trade off needs to be

maintained when choosing a control law among all the controllers proposed.

6.6 Summary

In this chapter, gain values of both linear (P D, P D?) and non linear (P D-SMC, P D?-SMC
and their modified versions) are designed by solving the optimization problems formulated
in chapter 4 and 5. Thereafter designed controllers are tested against disturbance condi-
tion and inertia matrix perturbation. Based on the requirement, modification in controller
(addition of torque saturation or replacement of signum function by saturation function in
case of SMC based controllers) has also been carried out in this chapter. Finally results of
different controllers are compared on the basis of performance indices chosen. Analysis of
the variation of performance indices with modifications of control law is also exercised in

this chapter.
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Chapter 7

Conclusion & Recommendations

In this work, attitude control system of satellite had been investigated. Various frame of
reference and attitude representation schemes were studied. Quaternion based attitude rep-
resentation was considered from the existing attitude representation methods. Non linear
model of satellite was developed, which consists of Kinematics and Dynamics. Reaction
wheel had been incorporated as an actuator, with the satellite model. Control algorithms,
which were developed in this work include both linear and non linear controllers. P and
PD” were among the linear control laws proposed. Non linear control laws described in
this work were sliding mode based. The control laws were: PD Sliding Mode Control (P D-
SMC), PD? Sliding Mode Control (P D?-SMC), PD Sliding Mode Control with Modified
reaching Law and P D” Sliding Mode Control with Modified Reaching Law.

For the design of linear controllers, linearized model of satellite had been used. Opti-
mization method was applied to tune the parameters of the controller. Frequency domain
constraints were used for the optimization purpose. Thereafter designed linear controllers
were tested in a non linear satellite model in presence of disturbance, inertia perturbation.
Simulation results shows that desired response was achieved by both of the controllers and
it was also found that control effort provided by PD controller was less than PD? con-
troller. Both the controllers were found to be robust against 40% 60% parameter variation
applied although they showed poor disturbance rejection capability.

Non linear control laws namely PD Sliding Mode Control (PD-SMC), PD? Sliding
Mode Control (PD?-SMC), PD Sliding Mode Control with Modified reaching Law and
P D? Sliding Mode Control with Modified Reaching Law, were developed to enhance both
the disturbance rejection property and robustness towards system parameter uncertainty.
Simulation results proves that all the non linear controllers had better disturbance rejection
property and robustness towards parameter uncertainty as compared to linear controllers.
However chattering effect was present in the responses of PD-SMC and PD?-SMC. To
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remove chattering, saturation function had been used instead of signum function in the
formulation of PD-SMC and PD?-SMC (Boundary layer control technique). Simulation
results shows that chattering effect had been completely removed by boundary layer tech-
nique but in cost of reduction in robustness, as reaching time had significantly increased
when signum function was replaced with saturation function. Power rate type reaching law
had been proposed as an alternative solution to the chattering problem . This law had been
used in PD-SMC with Modified reaching Law and PD?-SMC with Modified reaching
Law and the simulations show that chattering had been completely removed by power rate
type reaching laws without effecting the robustness property. Again reduction of chattering
ensures reduction in control effort. It can be observed from the simulations of SMC based
controllers that control effort provided by controllers with modified reaching law namely
PD-SMC with Modified reaching Law and PD?-SMC with Modified reaching Law had
been significantly less compared to PD-SMC and PD?-SMC . Comparing various con-
trollers on the basis of performance indices, it was found that PD-SMC with modified
reaching law, provided minimum integral time absolute error both in case of angular ve-
locity error and quaternion error (i.e. minimum [T AE,, and ITAE,) . It also provided
minimum control effort among all the non linear control laws considered. Minimum in-
tegral square error of angular velocity (/SFE,) was achieved by PD-SMC. PD?-SMC
with modified reaching law had the the minimum reaching time towards the sliding sur-
face among all the non linear control laws proposed. It indicates P D”-SMC with modified
reaching law had shown more robustness compared to other non linear sliding mode based

controllers.

Future Work

The present study considered only PD-SMC and PD?-SMC laws. Considering the supe-
riority of (PD)? controller over PD? controller, another modification of this work can be
(PD)? SMC and (PD)? SMC with modified reaching law, where (P D)? law will be used
as sliding surface.

Another improvement of this work can be the development of terminal sliding mode
control. While normal sliding mode based control (where sliding surface is linear) assures
asymptotic stability where states reaches the origin in infinite time, terminal sliding mode
assures convergence in finite time, therefore it is desirable to develop terminal sliding based
control for faster convergence of states towards origin. Terminal sliding mode control has

two variants: non singular terminal sliding mode and fast terminal sliding mode. Both

1IST 124 Avionics Dept.



CHAPTER 7. CONCLUSION & RECOMMENDATIONS

control laws can be implemented as future work.

Although sliding mode based controllers provide good robustness towards system pa-
rameter uncertainty. Robustness can be further enhanced by applying adaptivity in the
control law .

Effect of disturbances like solar radiation pressure, gravity effect due to geoid shape of
Earth, effect of Earth’s magnetic field etc are not considered in this work. But they have
significant impact on satellites attitude in practical situation. All these disturbances can be
modelled in equation and designed controllers can be tested against these disturbances.

All the above suggestions can be the leading point for future progress on the problem
of satellite attitude control.
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